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ABSTRACT
Observations of the spatial distribution and kinematics of young stars in the Galactic
centre can be interpreted as showing that the stars occupy one, or possibly two, discs
of radii ∼ 0.05–0.5 pc. The most prominent (‘clockwise’) disc exhibits a strong warp:
the normals to the mean orbital planes in the inner and outer third of the disc differ
by ∼ 60◦. Using an analytical model based on Laplace-Lagrange theory, we show that
such warps arise naturally and inevitably through vector resonant relaxation between
the disc and the surrounding old stellar cluster.
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1 INTRODUCTION

Black holes of mass 106 to 109 M⊙ are found in the centres
of most galaxies. These exotic objects are the engines that
drive quasars and other active galactic nuclei, and may play
an important role in galaxy formation through feedback to
the interstellar medium. Our own Galaxy contains a central
black hole of mass ∼ 4 × 106 M⊙ associated with the radio
source Sgr A*, and thus provides a unique opportunity to
explore the interactions of a nuclear black hole with the
surrounding gas and stars, at spatial resolution far greater
than can be achieved for any other galaxy.

Among the more remarkable components of the Galac-
tic nucleus is the population of ∼ 100 massive young stars
found in the central parsec (1 pc = 26 arcsec)1. These are
mostly O supergiants and Wolf-Rayet (WR) stars, with
masses ∼>20M⊙, formed in a burst lasting ∼<2Myr ap-
proximately 6 ± 2Myr ago (Paumard et al. 2006). Proper
motions and radial velocities are available for most of
these stars (Bartko et al. 2009). In the standard descrip-
tion, about half of the massive stars between 1 arcsec and
10 arcsec belong to a rotating system (the ‘clockwise disc’,
Levin & Beloborodov 2003), which can be modelled as a
warped disc with local thickness (standard deviation of the
inclinations) of about 14◦ and mean eccentricity of 0.3–0.45
(Bartko et al. 2009). The warp is substantial: the symme-
try axis of the disc varies by 60◦–70◦ between 1 arcsec and

⋆ bkocsis@cfa.harvard.edu
† tremaine@ias.edu
1 We exclude the separate population of stars (‘S-stars’) found
at much smaller radii, ∼<0.5 arcsec ∼ 0.02 pc.

10 arcsec radius. About 20% of the stars appear to be mem-
bers of a second rotating system (the ‘counter-clockwise
disc’), which is thicker than the clockwise disc and inclined
by 115◦ to the clockwise disc in the same radius range. The
properties and even the existence of the counter-clockwise
disc are controversial (Lu et al. 2009), even though its statis-
tical significance is 7σ according to Bartko et al. (2010). The
total mass of the two discs is 5–10×103 M⊙ (Paumard et al.
2006). Inside 1 arcsec = 0.04 pc there is a sharp cutoff in the
density of WR/O stars. The surface density of the clockwise
disc is

Σ ∝ r−δ (1)

with δ ≃ 1.4 ± 0.2 between 1 arcsec and 15 arcsec
(Bartko et al. 2010). The disc(s) are surrounded by a spher-
ical cluster of old stars (Buchholz et al. 2009). The cluster of
old stars is much more massive than the disc(s) – 5×105 M⊙

inside the outer edge of the disc at 10 arcsec – but still ∼<10%
of the mass of the central black hole, so the disc(s) are nearly
Keplerian.

The disc(s) present a number of puzzles:

• The existence of young, massive stars implies that star
formation must have occurred recently in the central parsec.
This is surprising, since tidal forces from the black hole sup-
press star formation unless the density of the protostellar
cloud is orders of magnitude larger than currently observed
in this region (Morris 1993; Alexander 2005).

• The presence of two distinct discs suggests that there
were two separate star-formation events. But then why do
the stars in the two discs appear to have the same age to
within 1Myr (Paumard et al. 2006)?

• The estimated total mass of the stars in the disc(s) is
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2 B. Kocsis & S. Tremaine

∼ 104 M⊙, mostly in massive stars ∼<6Myr old. If we are not
viewing the Galactic centre at a special time, and if at the
death of these stars most of the stellar mass is incorporated
in black-hole remnants, then given the mass and age of the
disc(s) the total accumulated mass over the lifetime of the
Galaxy should be ∼>107 M⊙, much larger than the mass of
the central black hole and far larger than kinematic limits
on the total mass of stars and remnants in this volume.
Are the disc(s) due to an unusual recent event? Is most
of the material in the dying massive stars ejected, rather
than being incorporated in a remnant? Or have the remnants
themselves been ejected?

• Given the small number (∼ 100) of young stars, the
complexity of the dynamical models (two intersecting discs,
warps, etc.) suggests that they are only an approximation
to some complicated and irregular structure. What is the
nature of this structure and why is the distribution of young
stars so complicated?

In this paper we shall focus on one aspect of the
Galactic-centre disc(s), their substantial warp. We shall ar-
gue that the warp arises from slowly varying stochastic
torques exerted on the disc by the surrounding cluster of
old stars, through the process sometimes called vector res-
onant relaxation. Other properties of the disc(s) may also
arise through resonant relaxation, a discussion that we de-
fer to future papers.

There is an extensive literature on warps of stel-
lar and gasous discs in the galactic context (for gen-
eral reviews see, e.g., Binney 1992; Nelson & Tremaine
1996; Binney & Tremaine 2008). In subparsec scale ac-
cretion discs, warps can arise through relativistic frame
dragging (Lense–Thirring precession) around a spinning
black hole (Bardeen & Petterson 1975), radiation pressure
(Petterson 1977; Pringle 1996), gravitational torques due
to massive tori such as the molecular torus in the Galac-
tic centre (Nayakshin 2005; Subr et al. 2009), a binary
companion such as a second black hole orbiting inside
the disc (Papaloizou, Terquem, & Lin 1998; Yu & Tremaine
2003), or stochastic torques from a surrounding star cluster
(Bregman & Alexander 2009). The self-gravity of a stellar
disc can play an important role in determining the shape
of the warp (Hunter & Toomre 1969; Nelson & Tremaine
1996; Ulubay-Siddiki et al. 2009). Using N-body simula-
tions of an isolated, initially flat and thin stellar disc
that resembles the Galactic-centre disc, Cuadra et al. (2008)
showed that the observed warp cannot arise from in-
teractions among the disc stars2. Nayakshin & Cuadra
(2005) and Hobbs & Nayakshin (2009) have suggested that
the Galactic-centre disc(s) could have been formed in a
high-inclination collision between two massive gas clouds.
Löckmann & Baumgardt (2009) have examined the inter-
action of the stellar disc with a possible massive inclined
second stellar disc, and showed that the discs dissolve due
to the mutual torques on timescales comparable to their age.

In this paper, we examine the evolution of an initially
thin, flat disc in a near-Keplerian gravitational potential,

2 This result is consistent with the analytic arguments below that
two-body and resonant relaxation among the disc stars is unim-
portant.

accounting for both the self-gravity of the disc and stochas-
tic gravitational torques from a surrounding cluster of stars.
We argue that the most important torques are those that
arise from the mass distribution of the cluster stars after
averaging over orbital phase and apsidal angle (vector res-
onant relaxation) and that the self-gravity of the disc sup-
presses the excitation of small-scale normal modes so that
vector resonant relaxation warps the disc, rather than thick-
ening it. In §2, we discuss the timescales of various pro-
cesses in the Galactic centre, and establish that vector res-
onant relaxation with the old cluster stars is significant for
the Galactic-centre disc(s), whereas most other dynamical
relaxation processes (e.g., scalar resonant relaxation, two-
body relaxation, etc.) are not. In §3, we derive an analytic
solution to the time evolution of an initially flat stellar disc,
based on the following approximations: (i) the orbital period
and the apsidal precession period are much shorter than the
timescale for the warping of the disc, so we can average
the motion over the orbital phase and apsidal angle; (ii) ex-
ternal torques on these timescales are generated exclusively
by the orbit-averaged mass distribution of the cluster stars
(i.e., vector resonant relaxation), (iii) the eccentricities of
the disc stars are negligible; (iv) the warping angle is small
(in particular, the relative inclination between any two disc
stars is small compared to their fractional difference in semi-
major axis); (v) the orbits of cluster stars are uncorrelated
and independent of the disc (i.e., the back-reaction of the
disc on the cluster is negligible); (vi) the cluster is spherical
on average (i.e., the non-spherical component of the clus-
ter mass distribution is due solely to Poisson fluctuations
from individual stars). In this case, the problem reduces to
Laplace-Lagrange theory, in which the secular evolution of
the disc is described by a quadratic Hamiltonian, and the
disc is equivalent to a system of point masses interconnected
with springs and driven by the external forces from the clus-
ter. This system is integrable as the disc can be decomposed
into independent normal modes (i.e., independent harmonic
oscillators). In §4, we derive the stochastic evolution of the
normal mode amplitudes and consider applications to the
discs in the Galactic centre. Our conclusions are discussed in
§6. The statistical equilibrium of an isolated self-gravitating
stellar disc is presented in the Appendix.

In future work we shall present more general numeri-
cal models that do not require the approximation that the
inclinations and eccentricities are small.

2 TIME-SCALES IN THE GALACTIC CENTRE

We now ask which dynamical processes can shape the prop-
erties of the disc over its lifetime.

Two recent estimates of the distance and mass of the
black hole in the Galactic centre are R0 = 8.0 ± 0.6 kpc,
M• = (4.1 ± 0.6) × 106 M⊙ (Ghez et al. 2008) and R0 =
8.3 ± 0.4 kpc, M• = (4.3 ± 0.4) × 106 M⊙ (Gillessen et al.
2009). For simplicity we shall adopt R0 = 8 kpc and M• =
4×106 M⊙. At this distance 1 pc = 25.8 arcsec and 1 arcsec =
0.0388 pc.

The times and distances derived below are plotted in
Figure 1, which also shows the disc age (6 ± 2Myr) and
radial extent (0.04–0.6 pc) as a hatched bar.
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Resonant relaxation and warp of the GC disc 3

Figure 1. Time-scales in the central parsec of the Galaxy. The dashed black lines show the gravitational radius of the central black hole
(eq. 2) and the age of the Galaxy. The hatched black line shows the age and radial extent of the discs(s) of WR/O stars. The slanted
black line at the lower right shows the inverse orbital frequency Ω−1 (eq. 3). The magenta lines show the apsidal precession times due
to general relativity ω−1

GR (eq. 4) and the stellar cluster |ωN |−1 (eq. 12), and the magenta points show the combined apsidal precession
time |ωGR+ωN |−1. The solid cyan line slanting up to the right shows the Lense–Thirring precession time (eq. 6). The red line shows the
two-body relaxation time for the stellar cluster assuming that m2 = 〈m2〉/〈m〉 = 1M⊙ (eq. 13), and a magenta line shows the two-body
relaxation time within the disc, assuming m2 = 20M⊙ and a disc mass of 5000M⊙ (eq. 20). The dotted lines show the scalar and vector
resonant relaxation time-scales in cyan and green, for 20M⊙ stars (eqs. 24 and 26). The solid blue lines show the collision time in the
stellar cluster for stars with mass m = M⊙ and radius r⋆ = R⊙ and in the disc for m = 20M⊙ and radius r⋆ = 10R⊙ (eqs. 21 and 23).
Finally, the slanted dashed black line shows the precession time due to the molecular torus.

Gravitational radius The gravitational radius of the
black hole is

r• =
2GM•

c2
= 1.18 × 1012 cm, (2)

marked in the figure by a dashed vertical line.

Orbital frequency The orbital frequency Ω of a star with
semi-major axis a is given by

Ω−1 =

(

a3

GM•

)1/2

= 236 yr

(

a

0.1 pc

)3/2

. (3)

The characteristic orbital time Ω−1 (orbital period divided
by 2π) is plotted in Figure 1.

Relativistic precession The apsidal precession rate due
to general relativity ωGR is given by

ω−1
GR =

c2a5/2(1− e2)

3(GM•)3/2
= 4.11 × 107 yr (1− e2)

(

a

0.1 pc

)5/2

(4)
where e is the eccentricity. The characteristic precession time
ω−1
GR for nearly circular orbits (e ≃ 0) is plotted in magenta

in Figure 1. Over the radius range of the disc(s), the rel-
ativistic precession time (4) is much larger than the New-
tonian precession time (12), also plotted in magenta. Thus
relativistic apsidal precession is unimportant for the disc(s),
although it is likely to dominate over Newtonian precession
inside 0.1 arcsec.

The orbit-averaged Lense–Thirring precession of a star
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with angular momentum L is (Landau & Lifshitz 2007)

dL

dt
=

2G2M2
• s

a3c3(1− e2)3/2
n•×L ≡ ωLT n•×L, (5)

where n• is the unit vector parallel to the spin axis of the
black hole and 0 6 s < 1 is the spin parameter, that is, the
spin angular momentum of the black hole is sGM2/c. The
characteristic precession time

ω−1
LT =

a3c3(1− e2)3/2

2G2M2
• s

=
4.45× 1010 yr

s
(1− e2)3/2

(

a

0.1 pc

)3

(6)

is plotted in Figure 1 in cyan, for circular orbits and a maxi-
mally spinning black hole (s = 1). Lense–Thirring precession
is negligible for the disc(s).

The star cluster The black hole is surrounded by an ap-
proximately spherical cluster of old stars. The distribution
of mass in the cluster can be measured from star counts by
assuming that the mass density is proportional to the num-
ber density. The proportionality constant can be estimated
from the kinematics (radial velocities and proper motions)
of stars at radii ∼ 1 pc, where the stellar mass begins to
make a substantial contribution to the overall gravitational
force field.

Using data from Schödel et al. (2007), Löckmann et al.
(2009) estimate that the mass density at radius r is given
by

ρ(r) = (2.8± 1.3) × 106 M⊙ pc−3

(

r

0.22 pc

)−γ

, (7)

with γ = 1.2 inside 0.22 pc and γ = 1.75 outside 0.22 pc.
The corresponding enclosed mass is

M(r)

M⊙

=
4π

M⊙

∫ r

0

ρ(x)x2 dx (8)

=

{

0.50 × 105(r/0.1 pc)1.8, r < 0.22 pc,
1.12 × 105(r/0.1 pc)1.25 − 0.92 × 105, r > 0.22 pc,

with an uncertainty of about 50%.
For comparison, Trippe et al. (2008) give

ρ(r) = 2.1 × 106 M⊙ pc−3 1

1 + (r/0.34 pc)2
, (9)

which yields an enclosed mass

M(r)

M⊙

= 1.0× 106 M⊙ f

(

r

0.34 pc

)

, (10)

where f(x) ≡ x − tan−1 x. The two expressions for M(r)
agree to within a factor of two for r∼>0.3 pc but differ by more
than an order of magnitude for r∼<0.05 pc. At r = 1pc the
two expressions give M(r) = 1.9×106 M⊙ and 1.7×106 M⊙

respectively, somewhat larger than the independent estimate
of 1.1–1.5 × 106 M⊙ given by Schödel et al. (2009). For our
numerical results we shall use the parametrization (8).

Velocity dispersion Assuming that the velocity disper-
sion tensor of the stellar cluster is approximately isotropic,
and solving the Jeans equation for the one-dimensional

velocity dispersion σ(r) (eq. 4.216 in Binney & Tremaine
2008), we find

σ(r) =















280 km s−1
√

0.1 pc/r
√

1− 0.035 (r/0.1 pc)2.2,

if r < 0.22 pc,

250 km s−1
√

0.1 pc/r, if r > 0.22 pc.
(11)

Newtonian precession The apsidal precession rate ωN

due to the gravitational field from a spherical star cluster
is always negative, that is, the line of apsides precesses in
the opposite direction to the orbital motion (e.g., Tremaine
2005). For a cluster with density ρ(r) and mass M(r) ≪ M•,
the precession rate of a nearly circular orbit with radius r is
ωN = −2πGρ(r)/Ω(r), or3

|ωN|−1 =

{

2.1× 104 yr (r/0.1 pc)−0.3, if r < 0.22 pc
1.3× 104 yr (r/0.1 pc)0.25, if r > 0.22 pc,

(12)
plotted as a magenta line in Figure 1. We also plot as ma-
genta dots the total precession rate ω ≡ ωGR + ωN. Over
the radial extent of the disc(s), the characteristic precession
time |ω|−1 is dominated by Newtonian effects and equal to a
few times 104 yr, more than two orders of magnitude shorter
than the disc age.

Two-body (non-resonant) relaxation The two-body
relaxation time for the cluster of old stars is given by equa-
tion (7.106) in Binney & Tremaine (2008),

trelax = 0.34
σ3

G2ρm2 ln Λ

=



















3.6 × 109 yr (r/0.1 pc)−0.3 (15/ ln Λ) (M⊙/m2)

×
[

1− 0.035 (r/0.1 pc)2.2
]3/2

, if r < 0.22 pc

1.7 × 109 yr (r/0.1 pc)0.25 (15/ lnΛ)(M⊙/m2),
if r > 0.22 pc,

(13)
where ln Λ ≃ ln(M•/m) ≃ 15, and the effective mass m2 ≡
〈m2〉/〈m〉 is the ratio of the mean-square stellar mass to the
mean stellar mass; we shall call this the effective mass. The
relaxation time trelax for ln Λ = 15 and m2 = M⊙ is plotted
in red in Figure 1.

Unfortunately the effective mass is rather poorly known.
We assume a stellar mass function of the form

dn ∝ m−αdm for mmin < m < mmax; (14)

then if mmin ≪ mmax,

m2 =







(α− 2)(α− 3)−1mmin α > 3;
(α− 2)(3− α)−1m3−α

maxm
α−2
min 2 < α < 3;

(2− α)(3− α)−1mmax α < 2.
(15)

Thus for a standard Salpeter mass function (α = 2.35) with
mmax = 100M⊙ and mmin = 0.1M⊙, m2 = 4.8M⊙. For
the Kroupa et al. (1993) solar neighborhood mass function,
m2 = 0.66M⊙. However, there is evidence that the mass

3 This formula was derived for eccentricity e ≪ 1, but works
fairly well for e∼<1. For example, if the cluster density is a power
law in radius, ρ(r) ∝ r−γ with 1 < γ < 3, the error is less than
30% for all eccentricities e < 0.7.
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function in the Galactic centre is much more top-heavy than
in the solar neighborhood. Bartko et al. (2010) suggest that
the Galactic-centre disc(s) have α ≃ 0.45, in which case
m2 = 0.6mmax ∼ 60M⊙. Even if the initial mass function
were known, there are other complications. First, the initial-
final mass function – the relation between the main-sequence
stellar mass and the mass of the compact object that remains
after stellar evolution is complete – is poorly known. Second,
star clusters, massive gas clouds, and other density inhomo-
geneities also contribute to m2 and may lead to values of m2

that are orders of magnitude larger than the typical stellar
mass (Perets et al. 2007). For example, old stellar popula-
tions typically have about one globular cluster of 105.5 M⊙

per 109 M⊙ of stars (Brodie & Strader 2006), so globular
clusters enhance m2 from the value ∼ 1M⊙ expected for
stars alone to ∼ 100M⊙.

A further uncertainty is that two-body relaxation may
lead to mass segregation so that the effective mass depends
on radius. In particular, the relaxation time inside a few
tenths of a parsec may be dominated by stellar remnants
rather than stars (O’Leary et al. 2009).

The two-body relaxation time for m2 = 1M⊙ shown in
Figure 1 is never shorter than a few Gyr so even if m2 ∼
102 M⊙ two-body relaxation is negligible over the age of the
disc stars, ∼<10Myr. However, two-body relaxation may have
a substantial effect on old stars in the surrounding cluster.

For massive stars such as the WR/O stars observed in
the disc(s), dynamical friction from the star cluster can act
on a shorter time-scale than trelax. The time-scale for orbital
decay of a star of mass m on a near-Keplerian circular orbit
of radius r is given by

t−1
fric ≡

1

r

dr

dt
= 8πΩ

m

M•

ρr3

M•

ln Λ g(X), (16)

where g(X) = erf(X) −Xerf ′(X) and X = v/(
√
2σ) where

v is the circular speed at r (Binney & Tremaine 2008)4. If
the density varies as a power law with radius, ρ ∝ r−γ , then
X = [ 1

2
(1+γ)]1/2. Using v = (GM•/r)

1/2 and the dispersion
profile (11), we find that g(X) varies from 0.47 for r ≪ 0.2 pc
to 0.57 for r ≫ 0.2 pc so for our purposes it is adequate to
use a constant value g(X) = 0.5. With this approximation

tfric =



















1.7× 108 yr (r/0.1 pc)−0.3 (12/ lnΛ)(20M⊙/m),
if r < 0.22 pc,

1.1× 108 yr (r/0.1 pc)0.25 (12/ ln Λ)(20M⊙/m),
if r > 0.22 pc.

(17)
We conclude that the action of dynamical friction from the
star cluster on the disc stars is negligible over the disc age
of 6Myr, even for stars as massive as 100M⊙.

The effects of two-body relaxation between the disc
stars are uncertain because the properties of the disc(s) are
poorly determined and the relaxation time is a strong func-
tion of the root mean squared (rms) eccentricity and inclina-
tion. For our purposes it is sufficient to approximate the disc
as a single population of stars of mass m, and in this case

4 This result assumes that the distribution function is Maxwellian
but should be approximately valid for more realistic distribution
functions.

the eccentricity relaxation time is given by (Stewart & Ida
2000)

t−1
relax ≡ 1

〈e2〉
d〈e2〉
dt

= 4.5
Ω

〈e2〉2
m

M•

Σr2

M•

ln Λ. (18)

Here 〈e2〉 is the mean-square eccentricity of the disc stars,
Σ(r) is the surface density, and Λ ≃ 〈e2〉3/2M•/m. This for-
mula assumes that the rms inclination 〈i2〉1/2 ≃ 0.5〈e2〉1/2,
a typical value seen in relaxed discs and consistent with ob-
servations of the clockwise disc; and that Λ ≫ 1 (the disc is
‘dispersion-dominated’). The inclination relaxes at a rate

1

〈i2〉
d〈i2〉
dt

=
0.5

trelax
. (19)

We assume that the surface-density distribution in the
disc is given by equation (1) and parametrize the disc by
its total mass Mdisc, which is probably about 5000M⊙

(Paumard et al. 2006). Then

trelax = 2× 108 yr
〈e2〉2
(0.3)4

5000M⊙

Mdisc

20M⊙

m2

(

0.1 pc

r

)0.9
8

lnΛ
,

(20)
where ln Λ = 8.6 corresponds to m = 20M⊙, 〈e2〉1/2 = 0.3.
Given these parameters, the disc relaxation time is plotted
in magenta in Figure 1. Even for a large effective mass, m2 ∼
102 M⊙, the minimum relaxation time over the radial range
of the disc(s) is∼>3×107 yr, so two-body relaxation should be
negligible for most stars over the disc age of 6Myr. However,
if the eccentricities and inclinations in the disc have been
over-estimated, perhaps because of unrecognized systematic
errors, the scaling trelax ∼ e4 implies that the relaxation
time could be much shorter.

Physical collisions For a population of stars of a single
mass, the rate of physical collisions is (Binney & Tremaine
2008, eq. 7.195)

t−1
coll = 16

√
πnσr2⋆(1 + Θ) (21)

where n = ρ/m is the number density of stars and Θ ≡
1
4
v2⋆/σ

2 where v⋆ =
√

2Gm/r⋆ is the escape speed from the
surface of the star, radius r⋆. The collision time of stars in
the cluster is shown in blue in Figure 1, assuming that the
cluster is mainly composed of solar-type stars with m = M⊙

and v⋆ = 618 km s−1. At radii ∼<0.01 pc, where the collision
time is less than a few Gyr, collisions are likely to play a
dominant role in determining the distribution of old solar-
type stars and the giants into which they eventually evolve,
which have much shorter lifetimes but much larger radii.
Collisional destruction of red-giant envelopes may be respon-
sible for the depletion in luminous red giants observed inside
∼ 1 pc and the disappearance of the CO spectral feature as-
sociated with red giants in the integrated light (Alexander
2005; Dale et al. 2009). However, collisions with stars in the
old cluster do not play a major role in the evolution of the
early-type stars in the disc(s), since the collision time is
much longer than the disc age, even after accounting for
the larger radii and masses of the WR/O stars.

In a dispersion-dominated disc composed of identical
stars of mass m and radius r⋆, the collision rate is (e.g.,
Heng & Tremaine 2009)

t−1
coll = 16

Σ

m
Ωr2⋆(0.69 + 1.52Θ), Θ =

m

M•

r

r⋆

1

〈e2〉 . (22)
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6 B. Kocsis & S. Tremaine

With the same parameters used to derive equation (20), we
find

tcoll =
4.1× 1011 yr

1 + 2.20Θ

5000M⊙

Mdisc

m

20M⊙

(

r

0.1 pc

)2.9(
10R⊙

r⋆

)2

Θ = 24.6
m

20M⊙

10R⊙

r⋆

r

0.1 pc

(0.3)2

〈e2〉 . (23)

This result is shown as a blue line in Figure 1. The collision
time is longer than the disc age.

Scalar resonant relaxation Resonant relaxation
(Rauch & Tremaine 1996) arises from the forces due to the
orbit-averaged mass distribution of the stars. Because these
forces vary only slowly, they affect the angular momen-
tum but not the energy of stellar orbits. Scalar resonant
relaxation affects the magnitude of the angular momentum
and thus the eccentricity, while vector resonant relaxation
affects the direction of the angular momentum vector but
not its magnitude. The scalar resonant relaxation time in a
spherical stellar system is (Eilon et al. 2009)5

trr,s =
4π|ω|
β2
sΩ2

M2
•

M(r)m2
; (24)

here ω is the apsidal precession rate, the sum of the (neg-
ative) Newtonian rate ωN (eq. 12) and the (positive) rela-
tivistic rate ωGR (eq. 4). The dimensionless coefficient βs

is estimated to be 1.05 ± 0.02 by Eilon et al. (2009). Using
these parameters and effective mass m2 = 20M⊙ we plot
the scalar resonant relaxation time using cyan dots in Fig-
ure 1. The cuspy minimum near r = 0.007 pc arises where
relativistic precession cancels Newtonian precession so the
total precession rate vanishes.

The scalar resonant relaxation time is less than 1010 yr
throughout the central parsec. Thus the eccentricity distri-
bution of old stars in this region should be relaxed. However,
the scalar resonant relaxation time exceeds 108 yr through-
out the radial extent of the disc(s), so eccentricity relaxation
of the disc stars is likely to be small. By analogy to the be-
havior of regular dynamical friction (16), it is plausible that
the resonant dynamical friction time-scale is inversely pro-
portional to stellar mass, so this is shorter for the massive
observed stars in the disc(s) but still likely to be comparable
to the disc age only near its inner edge.

Scalar resonant relaxation can also occur among the
stars in the disc(s). The rate for this process is more difficult
to determine (Tremaine 1998).

Vector resonant relaxation This process affects the ori-
entation of the angular-momentum vector but not its mag-
nitude. In a stellar system in which the time-averaged grav-
itational field is spherically symmetric, the vector resonant
relaxation time is (Eilon et al. 2009)6

trr,v =
2π

β2
vΩ

M•
1

√

M(r)m2

. (25)

5 In Eilon et al.’s notation we have eliminated AM between equa-
tions (4) and (9) and replaced Eilon et al.’s tω by π/ω. These
changes are needed because in the Galactic centre the apsidal
precession rate ω may include both Newtonian and relativistic
contributions.
6 We have set Eilon et al.’s parameter Aφ to unity.

Adopting βv = 1.83± 0.03 from Eilon et al. (2009), we have

trr,v =















7.9× 106 yr
√

M⊙/m2(r/0.1 pc)
0.6,
if r < 0.22 pc,

5.3× 106 yr
√

M⊙/m2(r/0.1 pc)
0.9

×
[

1− 0.82(r/0.1 pc)−1.25
]−1/2

, if r > 0.22 pc.
(26)

This result is plotted in green in Figure 1, for m2 = 20M⊙.
At all radii, vector resonant relaxation is substantially faster
than scalar resonant relaxation. The inclination distribution
of old stars should be relaxed throughout the stellar cluster.

Equation (26) is only valid if the nodal precession rate is
dominated by the stochastic component of the non-spherical
gravitational force. Hence this equation may overestimate
the relaxation rate if the stellar system is not spherically
symmetric. For example, the non-spherical field from the
disc is smaller than the stochastic field from the cluster stars
only if Mdisc∼<[M(r)m2]

1/2. For M(r) ∼ 1× 105 M⊙ (cf. eq.
8) and m2 ∼ 100M⊙ (see discussion following eq. 15), this
requires Mdisc∼<3× 103 M⊙, compared to an estimated mass
of 5× 103 M⊙. Thus the approximation that the precession
rate is dominated by stochastic forces is suspect, and should
be improved in future models.

Vector resonant relaxation may be responsible for warps
in gaseous accretion discs in the centres of galaxies, in partic-
ular for the warp of the maser disc in the galaxy NGC 4258
(Bregman & Alexander 2009). It may also be the principal
mechanism that isotropizes the inclinations of S-stars in the
Galactic centre (Hopman & Alexander 2006; Perets et al.
2009). In this paper, we investigate whether vector resonant
relaxation leads to the warped structure of the stellar disc
in the Galactic centre (Bartko et al. 2009).

Vector resonant relaxation can also occur among the
stars in the disc. Nodal precession within the disc is deter-
mined by the mean gravitational field of the flattened mass
distribution, rather than the random torques from individ-
ual stars. The typical nodal precession rate for a star in the
disc is

ν ≃ Ω

〈i2〉1/2
Mdisc

M•

. (27)

We then estimate the vector resonant relaxation time from
equation (24) by replacing the apsidal precession rate ω with
the nodal precession rate ν and the cluster mass M(r) with
the disc mass Mdisc:

trr,v ≃ 4π

Ω〈i2〉1/2
M•

m2

≃2.4× 109 yr
14◦

〈i2〉1/2
20M⊙

m2

(

r

0.1 pc

)3/2

. (28)

This is much longer than both the age of the disc(s) and
the vector resonant relaxation time-scale due to the clus-
ter stars. Thus vector resonant relaxation among the disc
stars is unlikely to play an important role in determining
the properties of the Galactic-centre disc(s)7.

7 Nevertheless, it is worthwhile to understand the effects of vector
resonant relaxation on an old, isolated disc, and this is the subject
of the Appendix.
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Resonant relaxation and warp of the GC disc 7

Warping by a massive perturber The disc(s) can
be warped by a massive perturber, such as the molecu-
lar torus outside the disc at 1.5–7 pc (Christopher et al.
2005) or an intermediate-mass black hole inside the disc
(Yu & Tremaine 2003). This process was first investigated
by Laplace in the context of planetary satellites and has
been studied by many authors since then (Hunter & Toomre
1969; Nelson & Tremaine 1996; Ulubay-Siddiki et al. 2009);
see Nayakshin (2005), Löckmann & Baumgardt (2009), and
Subr et al. (2009) in the context of the Galactic-centre
disc(s). The precession rate of a circular ring at radius r
due to a circular ring of mass mp at radius rp with relative
inclination I is given by equation (71); in the limit where
r ≪ rp or r ≫ rp the result simplifies to (Nayakshin 2005)

νp ≃ −3

4
Ω
mp

M•

rr2<
r3>

cos I, (29)

where r< = min(r, rp), r> = max(r, rp). This formula as-
sumes that the mass of the perturbed ring is sufficiently
small that its angular momentum is much less than the an-
gular momentum of the perturber.

The characteristic precession time tp = 1/νp for an ex-
ternal perturber (r ≪ rp) is then

tp ≃ 8.5× 106 yr
106 M⊙

Mp

(

rp
1.5 pc

)3(
0.1 pc

r

)3/2
0.5

cos I
.

(30)
The reference masses and radii have been set to resemble
the molecular torus (Christopher et al. 2005). For these pa-
rameters, the precession time-scale is longer than the age of
the disc at r∼<0.1 pc. However, for r∼>0.1 pc, the molecular
torus can warp the Galactic-centre disc(s) significantly, at
least if cos I is not too small (Fig. 1). Curiously, the molecu-
lar torus is nearly orthogonal to the mean orientation of the
clockwise stellar disc (cos I ≃ 0.00± 0.03). More precisely it
is nearly orthogonal to the inner parts (cos I ≃ 0.05±0.03 for
r∼<0.15 pc), but not the outer parts (cos I ≃ 0.52 and 0.24
between r = 0.13–0.27 pc and 0.27–0.46 pc, respectively).
Subr et al. (2009) argued that the molecular torus could lead
to the thickening and warping of the stellar disc if it were
initially not orthogonal.

The precession time for an internal perturber (r ≫ rp)
is

tp ≃ 5.7× 106 yr
5000M⊙

Mp

(

0.1 pc

rp

)2(
r

0.2 pc

)7/2
0.5

cos I
.

(31)
The reference masses and radii have been set to resemble
the counter-clockwise disc (Bartko et al. 2009). For these
parameters the precession time-scale is comparable to the
age of the disc; in fact, Nayakshin et al. (2006) have used
N-body simulations to set an upper limit of 5× 103 M⊙ on
the mass of the counter-clockwise disc from the requirement
that it does not warp the clockwise disc too much.

We have seen that a rich set of internal and external dy-
namical processes can affect the evolution and current state
of the Galactic centre disc(s). A useful first approximation
is to neglect external tidal fields, two-body relaxation, dy-
namical friction, scalar resonant relaxation, and scalar res-
onant friction with the surrounding old stellar cluster, as
well as two-body and resonant relaxation between the disc

stars, and to focus on the effects of vector resonant relax-
ation with the surrounding cluster. In the next sections we
develop analytic machinery to provide a description of this
interaction.

3 LAPLACE-LAGRANGE THEORY FOR AN
ISOLATED DISC

Vector resonant relaxation affects the orientation of stellar
orbits but not their semi-major axes or eccentricities. Since
the relaxation time is much larger than the apsidal preces-
sion time (12) each orbit may be thought of as an axisym-
metric planar annulus obtained from the Keplerian orbit by
averaging over mean anomaly and argument of pericentre.

We investigate the dynamics of the disc using a sim-
ple model system. To construct this we shall assume that
the stellar orbits in the disc are nearly coplanar (I ≪ 1)
and nearly circular (e ≪ 1). In fact we shall make an even
stronger assumption: that e, I ≪ ∆a/a where ∆a is the
typical difference in semi-major axis between a star and its
nearest neighbor. This condition is satisfied in many plan-
etary systems, including our own, but probably not in the
Galactic-centre disc(s); nevertheless we shall argue below
that it allows an analytic treatment of resonant relaxation
that captures its most important features.

With these approximations, we evaluate the Hamil-
tonian of a system of N stars of masses, semi-major
axes, inclinations, and nodes mi, ai, Ii, and Ωi, i =
0, . . . , N − 1, to quadratic order in the eccentricity and in-
clination. This is the classical Laplace-Lagrange secular the-
ory (Murray & Dermott 1999). In this theory the inclination
and node are decoupled from the eccentricity and apse. The
evolution of the latter two elements is scalar resonant re-
laxation, which we have argued is unimportant because of
the relatively rapid apsidal precession induced by the stellar
cusp. The evolution of the former is vector resonant relax-
ation; the relevant Hamiltonian is

H(q,p) =
G

8

N−1
∑

i=0

N−1
∑

j=i+1

mimj

max(ai, aj)
αijb

(1)

3/2
(αij)

×
[

(

pi
γi

− pj
γj

)2

+

(

qi
γi

− qj
γj

)2
]

, (32)

where αij = min(ai, aj)/max(ai, aj),

b
(1)
3/2(α) =

2

π

∫ π

0

cos θ dθ

(1− 2α cos θ + α2)3/2
(33)

is the Laplace coefficient8, γi = m
1/2
i (GM•ai)

1/4, and

qi ≡ γiIi sinΩi, pi ≡ −γiIi cos Ωi (36)

8 In terms of the complete elliptic integrals of the first and second
kind

K(k) =

∫ π

0

dθ
√

1− k2 sin2 θ
, E(k) =

∫ π

0

√

1− k2 sin2 θ dθ,

(34)
the Laplace coefficient satisfies

b
(1)
3/2

(α) =
4

πα(1 − α2)2

[

(1 + α2)E(α) − (1 − α2)K(α)
]

. (35)
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8 B. Kocsis & S. Tremaine

are canonical coordinates and momenta. For some purposes
it is useful to ‘soften’ the Laplace coefficient to suppress the
singularity at α = 1, replacing the formula above by

b
(1)

3/2(α, ǫ) =
2

π

∫ π

0

cos θ dθ

(1− 2α cos θ + α2 + ǫ2)3/2
(37)

where ǫ is the dimensionless softening parameter and 0 <
ǫ ≪ 1.

We use (x, y, z) to denote the standard Cartesian coor-
dinates relative to which the node Ω and inclination I are
measured. The total angular momentum is




Lx

Ly

Lz



 =
N−1
∑

i=0

mi

√
GM•ai





sin Ii sinΩi

− sin Ii cosΩi

cos Ii





=
N−1
∑

i=0

mi

√
GM•ai





Ii sinΩi

−Ii cosΩi

1− 1
2
I2i



+O(I3i )

=

N−1
∑

i=0





γiqi
γipi

γ2
i − 1

2
q2i − 1

2
p2i



+O(I3i ). (38)

It is straightforward to show that all three components of
the total angular momentum are conserved (see discussion
following eqs. 49–51).

The Hamiltonian can be rewritten as

H(q,p) = p
T
Ap+ q

T
Aq, (39)

where pT = (p0, . . . , pN−1), q
T = (q0, . . . , qN−1) and the

N ×N matrix A is defined by

Aij =− Gmimjαij

8 max(ai, aj)γiγj
b
(1)
3/2(αij) if i 6= j

=
∑

k 6=i

Gmimkαik

8 max(ai, ak)γ2
i

b
(1)
3/2(αik) if i = j. (40)

Note that

N−1
∑

j=0

Aijγj = 0. (41)

Since A is symmetric, it can be diagonalized in the form

A = OΛO
T, (42)

where O is orthogonal (OT = O
−1) and Λ is diagonal. The

diagonal elements of Λ are the eigenvalues of A and the
columns of O are the normalized eigenvectors (see Figures
3–4 below for properties of the eigenvalues and eigenvectors
in simulated discs).

Now consider a canonical transformation to new coordi-
nates and momenta (Q,P ) having the generating function

S = P
T
O

T
q. (43)

Then

p =
∂S

∂q
= OP , Q =

∂S

∂P
= O

T
q, q = OQ, (44)

and

H(P ,Q) = P
T
ΛP +Q

T
ΛQ. (45)

The inclinations of stars can be calculated from Q and P as

I2j =
q2j + p2j

γ2
j

=

(

N−1
∑

i=0

Oji

γj
Qi

)2

+

(

N−1
∑

i=0

Oji

γj
Pi

)2

. (46)

Since H is separable, P 2
i +Q2

i is a constant of motion for all
i = 0, . . . , N − 1. The equations of motion are

Q̇i =
∂H

∂Pi
= 2ΛiPi, Ṗi = − ∂H

∂Qi
= −2ΛiQi, (47)

which have the solution

Qi(t) =Qi(0) cos(2Λit) + Pi(0) sin(2Λit),

Pi(t) =−Qi(0) sin(2Λit) + Pi(0) cos(2Λit). (48)

Thus Λi can be regarded as a frequency.
Since b

(1)
3/2(α) is positive, equation (32) implies that

H > 0. Thus H(q,p) is a positive semi-definite quadratic
form defined by the matrix A, and thus all of the eigenval-
ues Λi are non-negative. The lower bound H = 0 is achieved
if pi/γi = const, qi/γi = const independent of i, correspond-
ing to a uniform tilt of the disc plane. Thus there is one zero
eigenvalue, which we call Λ0, and the rest are positive; in
the discussions below we always order the eigenvectors by
eigenvalue, so Λ0 = 0 < Λ1 < · · · < ΛN−1. The eigenvector
corresponding to zero eigenvalue is c(γ0, . . . , γN−1) where c
is a constant (cf. eq. 41). Since the columns of O are nor-
malized eigenvectors, Oj0 = cγj with c = ±(

∑

j γ
2
j )

−1/2 and

Q0 =

N−1
∑

j=0

Oj0qj = c

N−1
∑

j=0

γjqj = cLx,

P0 =
N−1
∑

j=0

Oj0pj = c
N−1
∑

j=0

γjpj = cLy , (49)

where the last equalities follow from (38). Since Λ0 = 0, P0

and Q0 are constant, so the x and y components of the total
angular momentum are conserved, as they must be.

We define

Z(q,p) ≡
N−1
∑

i=0

(

q2i + p2i
)

. (50)

Following Laskar (2000), we call 1
2
Z the ‘angular-momen-

tum deficit’ since it represents the difference between the z
component of the angular momentum of the actual system
and the angular momentum that it would have if all of the
stars were on coplanar circular orbits (eq. 38). Since the
canonical transformation from (q,p) to (Q,P ) is orthogonal

Z(Q,P ) =
N−1
∑

i=0

(

Q2
i + P 2

i

)

= Q
T
Q+P

T
P . (51)

Since Q2
i +P 2

i is constant for all i, Z is also constant, which
confirms that the z component of angular momentum is con-
served, as it must be.

4 INTERACTIONS BETWEEN THE DISC
AND A SURROUNDING STELLAR SYSTEM

Let us suppose that there is an external perturbation to the
disc, which can be represented by generalized forces fqi, fpi
that change the coordinate and momentum of ring i at a
rate q̇i = fqi, ṗi = fpi. Since γiqi and γipi are the x and y
components of the angular momentum of star i (cf. eq. 38)
we have

fqi(t) = γ−1
i Txi(t), fpi(t) = γ−1

i Tyi(t) (52)
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where Txi(t), Tyi(t) are the x and y components of the orbit-
averaged external torque on star i. If these torques arise
from a surrounding distribution of stars that is stationary
and spherical on average, then 〈fqi(t)〉 = 〈fpi(t)〉 = 0 for all
i where 〈·〉 denotes an ensemble average over realizations of
the surrounding stellar cluster. With the same assumptions
we also have that 〈fqi(t)fpj(t′)〉 = 0 for all i and j. Since the
number of stars in the surrounding cluster is large, fqi(t) and
fpi(t) are Gaussian random processes. These can be uniquely
characterized by the correlation coefficient

Γij(t, t
′) ≡ Γij(|t− t′|) ≡ 〈fqi(t)fqj(t′)〉 = 〈fpi(t)fpj(t′)〉,

(53)
where the first and last equality are valid if the forces are
stationary and spherically symmetric on average. Note that
Γij(t) need not be diagonal since nearby stars are expected
to experience similar torques. The coherence time τ of the
external torques is defined so that

Γij(∆t) ≃ 0 for |∆t|∼>τ. (54)

In the next two subsections, we discuss the general prop-
erties of the growth of perturbations from an initially thin
coplanar disc, then we construct a specific model for the
torques and correlations.

4.1 Response of the disc to external torques

The equations of motion (47) in the canonical coordinates
(Q,P ) are modified to

Q̇i = 2ΛiPi +

N−1
∑

j=0

Ojifqj(t), Ṗi = −2ΛiQi +

N−1
∑

j=0

Ojifpj(t).

(55)
Let us assume that the modes of the disc are non-degenerate,
that is, Λi = Λj only if i = j (this is not an important re-
striction for practical purposes). With the initial conditions
Qi(0) = Pi(0) = 0, equations (55) have the solution

Qi(t) =

N−1
∑

j=0

Oji

∫ t

0

dt1
{

fqj(t1) cos[2Λi(t− t1)]

+ fpj(t1) sin[2Λi(t− t1)]
}

Pi(t) =

N−1
∑

j=0

Oji

∫ t

0

dt1
{

fpj(t1) cos[2Λi(t− t1)]

− fqj(t1) sin[2Λi(t− t1)]
}

. (56)

The mean squared value of the process over different real-
izations of the perturbing torques is

〈Q2
i (t)〉 = 〈P 2

i (t)〉

=

N−1
∑

n,m=0

OniOmi

∫ t

0

dt1

∫ t

0

dt2

×
{

〈fqn(t1)fqm(t2)〉 cos[2Λi(t− t1)] cos[2Λi(t− t2)]

+ 〈fpn(t1)fpm(t2)〉 sin[2Λi(t− t1)] sin[2Λi(t− t2)]
}

=

N−1
∑

n,m=0

OniOmi

t
∫

0

dt1

t
∫

0

dt2 Γnm(t2 − t1) cos[2Λi(t2 − t1)]

= 2

N−1
∑

n,m=0

OniOmi

∫ t

0

dt′ (t− t′)Γnm(t′) cos 2Λit
′ (57)

where in the second-last line we have used the definition of
Γnm(t) (eq. 53) and the trigonometric identity for the sum of
cosines, and in the last line we have used Γnm(t) = Γnm(−t).
Note also that

〈Qi(t)Pi(t)〉 = 0. (58)

Similarly, we can calculate the cross-correlation coeffi-
cient between two modes with Λi 6= Λj ,

〈Qi(t)Qj(t)〉 = 〈Pi(t)Pj(t)〉

=

N−1
∑

n,m=0

OniOmj

∫ t

0

dt1

∫ t

0

dt2

×
{

〈fqn(t1)fqm(t2)〉 cos[2Λi(t− t1)] cos[2Λj(t− t2)]

+ 〈fpn(t1)fpm(t2)〉 sin[2Λi(t− t1)] sin[2Λj(t− t2)]
}

=

N−1
∑

n,m=0

OniOmj

∫ t

0

dt1

∫ t

0

dt2

× Γnm(t2 − t1) cos[2Λi(t− t1)− 2Λj(t− t2)]

=

N−1
∑

n,m=0

OniOmj
cos(∆ijt)

∆ij

∫ t

0

dt′ Γnm(t′)

×
[

sin(∆ijt− 2Λit
′) + sin(∆ijt+ 2Λj t

′)
]

(59)

where we have introduced ∆ij = Λi − Λj to simplify nota-
tion.

A similar calculation shows that

〈Qi(t)Pj(t)〉 = tan(∆ijt)〈Qi(t)Qj(t)〉. (60)

The mean squared inclinations at time t follow from
equations (46), (57), and (59),

〈I2j (t)〉 =
N−1
∑

k,l=0

OjkOjl

γ2
j

[〈Qk(t)Ql(t)〉+ 〈Pk(t)Pl(t)〉] (61)

In the rest of this paper we explore the implications of
equations (55)–(61) for the evolution of an initially planar
disc excited by stochastic torques. First, we make general
statements, then we examine applications to the Galactic-
centre disc(s) in the next section.

These equations contain three characteristic time-
scales: (i) the age of the disc t, which determines the in-
terval over which the external torques have acted on the
initially thin and flat disc; (ii) the inverse frequencies Λ−1

i

of the normal modes of the disc; the normal mode is insen-
sitive to perturbations acting on time-scales large compared
to Λ−1

i because of adiabatic invariance; (iii) the coherence
time τ of the perturbations (eq. 54). The time evolution
of the disc can be understood analytically in the following
limiting cases, shown schematically in Figure 2.

4.1.1 Initial response, t ≪ Λ−1
i

When the age of the disc is much less than the inverse fre-
quency of a particular normal mode i, the factor cos 2Λit

′

in the integrand of equation (57) is unity and we have

〈Q2
i 〉 = 〈P 2

i 〉 = 2

N−1
∑

n,m=0

OniOmi

∫ t

0

dt′ (t− t′)Γnm(t′). (62)

In particular, the zero-frequency (i = 0) normal mode de-
scribing the mean orientation of the disc (cf. eq. 49) always
grows according to equation (62).
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1

1

Λ−1

i ≪ t ≪ τ

temporally coherent
perturbations

in
it

ia
l
re

sp
on

se

tΛi

correlated

random walk

independent

random walk

t ≪ min(τ, Λ−1

i )

t ≫ max(τ, |∆ij|
−1)

harmonic

oscillation

linear growth

temporally incoherent
perturbations

t/τ

τ ≪ t ∼< |∆ij|
−1

Figure 2. Evolutionary stages of the excitation of normal modes
of an initially thin, flat stellar disc by stochastic external pertur-
bations. On the horizontal axis, the age of the disc t is measured
relative to τ , the coherence time of the perturbations. The vertical
axis shows t relative to the inverse frequencies Λ−1

i of the normal
modes of the disc. If t ≪ τ the perturbations are temporally co-
herent, and the normal mode amplitudes initially grow linearly,
then saturate and oscillate with angular frequency 2Λi. For t ≫ τ
the perturbations are temporally incoherent, and the amplitudes
of modes i and j undergo initially correlated, later independent,
random walks (before and after time |∆−1

ij | = |Λi−Λj |
−1, respec-

tively). The evolution in these regimes is examined separately in
§4.1.1, 4.1.2, and 4.1.3.

If the disc age is much smaller than Λ−1
i for all modes

i, then equation (59) yields

〈QiQj〉 = 〈PiPj〉 = 2
N−1
∑

n,m=0

OniOmj

∫ t

0

dt′ (t− t′)Γnm(t′).

(63)
and the orthogonal transformation to (qi, pi) yields

〈q2i 〉 = 〈p2i 〉 = 2

∫ t

0

dt′(t− t′)Γii(t
′), if t ≪ min

i
Λ−1

i . (64)

Physically, in this case collective effects from the self-gravity
of the disc are negligible so the disc acts like a collection of
freely precessing rings. The inclination distribution is given
by equation (46),

〈I2j 〉 =
4

γ4
j

∫ t

0

dt′(t− t′)〈Txj(0)Txj(t
′)〉, t ≪ min

i
Λ−1

i . (65)

4.1.2 Temporally coherent perturbations, t ≪ τ

When the disc age t is much shorter than the coherence time
τ , the external forces are approximately constant over the
lifetime of the disc, so Γjk(t) ≃ const, and equations (57)

and (59) simplify to

〈Q2
i 〉 =〈P 2

i 〉 =
N−1
∑

n,m=0

OniOmiΓnm
sin2 Λit

Λ2
i

,

〈QiQj〉 =〈PiPj〉 =
N−1
∑

n,m=0

OniOmjΓnm
sin Λit

Λi

sin Λjt

Λj
cos∆ijt.

(66)

Initially, the amplitude of each normal mode grows lin-
early with time with a rate independent of Λi. Then
after a saturation time ts,i ≡ 1

2
π/Λi the amplitude

reaches a maximum and begins to oscillate. At much larger
times the time-averaged mean-square amplitude is 〈Q2

i 〉 =
1
2

∑

nm OniOmiΓnm/Λ2
i .

The time evolution for any particular realization of the
perturbing forces can be obtained directly from equation
(56) by specializing to constant fqj and fpj ,

Qi(t) =

N−1
∑

j=0

Oji

2Λi

[

fqj sin 2Λit− fpj(cos 2Λit− 1)
]

,

Pi(t) =

N−1
∑

j=0

Oji

2Λi

[

fpj sin 2Λit+ fqj(cos 2Λit− 1)
]

(67)

for i > 0 (Λi 6= 0); otherwise for i = 0 (Λ0 = 0)

Q0(t) = t

N−1
∑

j=0

Oj0fqj , P0(t) = t

N−1
∑

j=0

Oj0fpj . (68)

4.1.3 Temporally incoherent perturbations, t ≫ τ .

When the disc age is much larger than the coherence time,
then since Γnm(t′) = 0 for t′∼>τ , the upper limit of the in-
tegration in equations (57) and (59) can be truncated at τ ,
so

〈Q2
i (t)〉 =〈P 2

i (t)〉 = git− hi, if t∼>τ, (69)

〈Qi(t)Qj(t)〉 =
cos∆ijt

∆ij
[Aij cos∆ijt+Bij sin∆ijt] ,

〈Qi(t)Pj(t)〉 =sin∆ijt

∆ij
[Aij cos∆ijt+Bij sin∆ijt] ,

where the constants Aij , Bij , gi, and hi are

Aij =

N−1
∑

n,m=0

OniOmj

∫ τ

0

dt′ Γnm(t′)
[

sin(2Λjt
′)− sin(2Λit

′)
]

Bij =

N−1
∑

n,m=0

OniOmj

∫ τ

0

dt′ Γnm(t′)
[

cos(2Λit
′) + cos(2Λj t

′)
]

gi =Bii, hi = 2

N−1
∑

n,m=0

OniOmi

∫ τ

0

dt′ t′Γnm(t′) cos 2Λit
′.

(70)

For t ≫ max(τ, hi/gi), 〈Q2
i (t)〉 = 〈P 2

i (t)〉 ≃ git;
moreover 〈Qi(t)Pi(t)〉 = 0 (eq. 58), and 〈Qi(t)Qj(t)〉 and

〈Qi(t)Pj(t)〉 are bounded by ±
√

A2
ij +B2

ij/|∆ij |, so after

t ≫ max
[

τ, |∆ij |−1(A2
ij +B2

ij)
1/2/gi

]

, the cross-correlation

becomes negligible compared to 〈Q2
i (t)〉. In other words, at

large times Qi(t) and Pi(t) undergo random walks. The ran-
dom walks of various modes i and j are first correlated then
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gradually become independent after the disc lifetime be-
comes much larger than the inverse relative normal mode
frequencies |∆ij |−1.

In our case none of these simple limits applies: the co-
herence time of the perturbations from the cluster is the vec-
tor resonant relaxation time-scale, and this can be shorter
or longer than the disc age depending on the radius and the
effective mass m2 in the cluster (cf. Fig. 1). Moreover the
set of inverse frequencies Λ−1

i includes values that are both
shorter and longer than the disc age (Fig. 3). We compare
these time-scales numerically for Monte Carlo simulations
of the stellar disc in §5 below.

Finally, the configuration of an isolated disc in thermal
equilibrium under vector resonant relaxation is discussed in
the Appendix.

4.2 Distribution of torques

We now construct a model for the perturbing torques
{Txi, Tyi}. These are the sum of the torques from all of the
stars in the cluster on the disc star labelled by i, in a circu-
lar orbit near the z = 0 plane; the torques are averaged over
the orbit of both the cluster star and the disc star. To sim-
plify the calculation at modest cost in realism, we assume
that the cluster stars are also on circular orbits. Then the
total torque on disc stars on circular orbits can be calculated
from the gravitational torque acting between circular rings
or wires of uniform density:

T i =
∑

β

∞
∑

ℓ=1

KiβℓP
′
2ℓ

(

nβ·ni

)

ni×nβ, (71)

where i and β label disc and cluster stars, respectively, Li

or Lβ is the angular momentum vector of star i or β, and
nβ = Lβ/|Lβ | is the unit vector aligned with the angular
momentum, which is related to the node Ωβ and inclination
Iβ by nβ = (sin Iβ sinΩβ ,− sin Iβ cosΩβ , cos Iβ). We also
have

Kiβℓ = Gmimβ[P2ℓ(0)]
2 r2ℓiβ<

r2ℓ+1
iβ>

, P2ℓ(0) =
(−1)ℓΓ(2ℓ+ 1)

22ℓΓ2(ℓ+ 1)
.

(72)
Here mβ and rβ are the mass and orbital radius of star β (re-
call that both the disc and cluster stars are assumed to be on
circular orbits), riβ< = min(ri, rβ), riβ> = max(ri, rβ), and
P2ℓ(x) and P ′

2ℓ(x) are the Legendre polynomial and its first
derivative9. The sum over ℓ in equation (71) is absolutely
convergent unless ri = rβ, The analytical formula (29) for
the precession rate when r</r> ≪ 1 is the corresponding
limiting case of equation (71).

In the discussions below, we neglect the back-reaction
of the disc stars on the orbits of stars in the old cluster. This
approximation should be valid so long as the total angular
momentum contained in the fluctuating non-spherical com-
ponent of the star cluster exceeds the angular momentum
in the disc. The former is roughly N1/2m2(GM•r)

1/2 where
m2 = 〈m2〉/〈m〉 is the effective mass and N = M(r)/m2

is the effective number of stars in the cluster at radius r;

9 In terms of the associated Legendre function Pm
n (x),

P ′
2ℓ(cos I) = −P 1

2ℓ(cos I)/ sin I.

the latter is Mdisc(GM•r)
1/2. Thus the neglect of the back-

reaction should be valid so long as [M(r)m2]
1/2∼>Mdisc. This

is the same as the criterion that nodal precession is domi-
nated by the stochastic field from the old cluster rather than
the disc, as discussed following equation (26).

Assuming that the disc is flat (i.e., zero inclination for
all disc stars), equation (71) simplifies to

(

Txi

Tyi

)

=
∑

β

∞
∑

ℓ=1

KiβℓP
1
2ℓ(cos Iβ)

(

cos Ωβ

sinΩβ

)

. (73)

4.2.1 The torques as a Gaussian random process

In a spherical cluster, or the equatorial plane of an axisym-
metric cluster, the torques described by equation (73) are
the sum of a large number of independent random variables
with zero mean. Hence, according to the central limit theo-
rem, the probability distribution of the torques Txi and Tyi

is Gaussian, with zero mean and covariance or correlation
function

〈

Txi(0)Txj(t)
〉

=
〈

Tyi(0)Tyj(t)
〉

= γiγjΓij(t). From
equation (73) it is also clear that

〈

TxiTyj

〉

= 0 in a spherical
cluster, for all i and j.

A Gaussian random process is fully characterised by
its mean and correlation function. Thus, when generating a
Monte Carlo distribution of cluster stars, the distribution of
torques is the same for all mass functions having the same
effective massm2 so long as the total mass distributionM(r)
is fixed. Thus we may assume without loss of generality that
all the cluster stars have mass mβ = m2.

Next we examine the spatial correlation function of clus-
ter torques

〈

Txi(0)Txj(0)
〉

= γiγjΓij(0). We are mostly in-
terested here in the correlation function within a thin, flat
disc. Then we may use equation (73) for the torques, which
yields

〈Txi(0)Txj(0)〉

=

〈

∑

β,ℓ,ℓ′

KiβℓKjβℓ′P
1
2ℓ(cos Iβ)P

1
2ℓ′(cos Iβ) sin

2 Ωβ

〉

=G2mimj

∑

β

m2
β

∞
∑

ℓ=1

[P2ℓ(0)]
2kℓ

r2ℓiβ< r2ℓjβ<

r2ℓ+1
iβ> r2ℓ+1

jβ>

, (74)

where kℓ is a constant defined as

kℓ =[P2ℓ(0)]
2〈P 1

2ℓ(cos Iβ)P
1
2ℓ(cos Iβ)〉〈sin2 Ωβ〉

=
2ℓ(1 + 2ℓ)

π(1 + 4ℓ)

Γ2(ℓ+ 1/2)

Γ2(ℓ+ 1)
. (75)

Here we have used the orthogonality of the Legendre func-
tions, 〈Pm

2ℓ (cos Iβ)P
m
2ℓ′(cos Iβ)〉 = 0 for ℓ 6= ℓ′.

We have separated kℓ from the factor [P2ℓ(0)]
2 in equa-

tion (74) because kℓ is practically independent of ℓ; as ℓ
varies from 1 to ∞, kℓ varies only from 3/10 = 0.3 to 1/π =
0.3183. Therefore we can estimate the correlation function
to reasonable accuracy by replacing kℓ with a constant k,
0.3 6 k < 0.32. This leads to a power series in ℓ which is
reminiscent of the power series defining the complete ellip-
tic integral of the first kind, K(x) = 1

2
π
∑∞

n=0[P2n(0)]
2x2n.

Therefore

〈Txi(0)Txj(0)〉

= G2kmimj

∑

β

m2
β

riβ>rjβ>

[

2

π
K(αiβαjβ)− 1

]

, (76)
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12 B. Kocsis & S. Tremaine

where αiβ = riβ</riβ> = min(ri, rβ)/max(ri, rβ). We may
express this result in terms of the density of the cluster ρ(r)
(eq. 7) and the effective mass m2 = 〈m2

β〉/〈mβ〉,

〈Txi(0)Txj(0)〉 =4πG2kmimjm2

×
∞
∫

0

dr r2ρ(r)

max(r, ri)max(r, rj)

[

2

π
K(αiαj)− 1

]

, (77)

where αi = min(r, ri)/max(r, ri).
Equations (76)–(77) define the probability density of

torques acting on the disc stars at each instant. They
show that the correlation function for disc stars at radii
ri and rj is determined mainly by cluster stars in the re-
gion min(ri, rj)∼<r∼<max(ri, rj). In particular, at large radii
ρ(r) ∝ r−1.75 (eq. 7) so for r ≫ max(ri, rj) the integrand
declines as r2i r

2
j r

−5.75, so the contribution to the correla-
tion function from this region is negligible. At small radii,
ρ(r) ∝ r−1.2 so for r ≪ min(ri, rj) the integrand scales as
r4.2/(r3i r

3
j ), implying that the contribution from small radii

is also negligible. Gürkan & Hopman (2007) reach a similar
conclusion.

A simple fitting formula for equation (77), using the
mass distribution in the Galactic centre (eq. 8), is

〈Txi(0)Txj(0)〉 ≃ cT
m2ρ(r̄ij)r̄

3
ij

M2
•

LiLjΩ(ri)Ω(rj)α
κ
ij (78)

where αij = min(ri, rj)/max(ri, rj), r̄ij =
√
rirj , Li =

mir
2
iΩ(ri) is the angular momentum, and cT and κ are fit

parameters. The best fit values, which approximate equation
(77) to better than 20% over radii αij < 4 and r̄ij < 4 pc, are
cT = 0.77 and κ = 1.8. Thus, the correlation of torques on
different stars, 〈TxiTxj〉/[〈T 2

xi〉1/2〈T 2
xj〉1/2], is less than 14%

for ai > 3aj . Furthermore, the distribution of torques is a
smooth function of radii with a peak at ai = aj .

5 MONTE CARLO SIMULATIONS

We construct a flat, razor-thin disc of N stars on circular or-
bits. The disc is assumed to lie initially in the reference plane
so Ii = qi/γi = pi/γi = 0, for all i = 0, . . . , N −1. The semi-
major axes are chosen randomly from the surface density
distribution (1) with exponent δ = 1.4 (Bartko et al. 2010),
between inner and outer radii of 0.04 and 0.6 pc (roughly
1 arcsec to 15.5 arcsec). The stellar masses are chosen from
the mass function (14) with α = −0.45, mmax = 30M⊙ and
mmin = 1M⊙; the minimummass is arbitrary but this choice
has almost no influence on our results, and the maximum is
the most massive star that can survive for the 6 Myr age of
the disc(s) (Lejeune & Schaerer 2001). We set the total num-
ber of stars to be 500 in this mass range, implying that∼ 120
stars have masses M > 20M⊙, consistent with observations
– 90 massive WR/O stars have been observed with ∼ 75%
spectroscopic completeness (Bartko et al. 2009), and these
typically have masses m > 20M⊙ (Paumard et al. 2006).
The corresponding disc mass is 6.3× 103 M⊙.

5.1 Normal modes

As discussed above, the evolution of the disc is most easily
described in terms of its normal modes. We generate 1000

∆
N
/∆

lo
g
Λ

π/(2Λi) [yr]

rmax = 20.4 pc
0.6 pc

1

10

100

100 101 102 103 104 105 106 107 108 109

Figure 3. Histogram of saturation time-scales 1
2
π/Λi for a disc of

stars distributed between 1 arcsec and 15.5 arcsec (dashed blue) or
extrapolated to 525 arcsec (solid red) with surface density Σ(r) ∝
r−1.4. The stellar masses are chosen from equation (14) with α =
−0.45, mmax = 30M⊙, and mmin = 1M⊙; the total number of
stars is 500 and 5000 in the two cases. Dotted lines show the 95%
confidence interval. The peak of the distribution corresponds to
eigenmodes with average wavelengths comparable to the average
distance between neighbouring stars. The age of the disc(s) in the
Galactic center is marked by a vertical green line.

Monte Carlo realizations of the disc (stellar masses and semi-
major axes). For each realization, we calculate the matrices
A and O (eqs. 40 and 42), as well as the eigenvectors (the
columns of O). As explained in §4.1, the evolution of the disc
is determined by the relation between three characteristic
time-scales: the inverse normal mode frequencies Λ−1

i , the
coherence time τ of torques from the spherical cluster, and
the age of the disc t.

Figure 3 shows the distribution of the saturation time
ts,i =

1
2
π/Λi, the characteristic time-scale at which the am-

plitude of a mode subjected to a fixed torque stops growing
and begins to oscillate (see §4.1.2). The bottom (blue) curves
show the mean distribution and the 95% confidence interval
for our standard disc model. The figure shows that all but a
few modes satisfy ts,i < 6Myr, and so are already saturated
at the current age of the disc.

Some sample normal modes are shown in Figure 4. The
height of the orbit of star j above the reference plane at az-
imuth φ is zj = rjIj sin(φ−Ωj) = −γ−1

j rj(qj cosφ+pj sinφ).
Thus if only normal mode i is present, with amplitude
(Qi, Pi), the height is zj = −rj(Qj cos φ + Pj sinφ)Oji/γj .
The figure plots Oji/γj which is proportional to the frac-
tional height zj/rj at fixed azimuth. The left panel shows a
single realization of our standard disc model and the centre
panel shows an average over 1000 realizations. The modes
are ordered by increasing frequency; mode i = 0 (the black
horizontal line in the figure) has frequency Λ0 = 0 (eq. 49),
and corresponds to a uniform tilt of the disc.

The low-frequency modes are rather smooth, and their
shapes are approximately the same in different realizations
of the disc – the mode shapes are not sensitive to the
large random variations in the masses of individual stars
(1M⊙ 6 mj 6 30M⊙). The ith normal mode has ap-
proximately i nodes, and the average wavelength is roughly
2(rmax−rmin)/i. Thus the longest waves have the lowest fre-
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Figure 4. Normal modes of the stellar disc i = 0, 1, 2, 3, 4, and 16 (ordered by increasing frequency) for a randomly chosen realization
(left), and averaged over 1000 realizations of the disc (middle). The vertical axis is proportional to the fractional height of the mode
or the inclination angle at fixed azimuth. These modes of the stellar disc oscillate independently in the absence of the cluster. Right:
Probability distribution of the saturation times for the same modes. A vertical green line shows the disc age t = 6Myr. The models
contain 500 disc stars with masses between 1M⊙ and 30M⊙ and radii between 1 arcsec and 30 arcsec.
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Figure 5. Driving modes of the spherical cluster, i.e., the eigenvectors of the spatial correlation function of the torques on the disc,
〈TxiTxj〉. The figure shows modes i = 0, 1, 2, 3, 4, and 16 (ordered by decreasing significance) for a randomly chosen realization (left),
and averaged over 1000 realizations of the disc (middle). The models contain the same stars as in Fig. 4. Right: Probability distribution
of the mean squared amplitude for the same modes.

quencies. The long-wavelength modes are well represented
by the average waveform, while shorter wavelength modes
in a single realization deviate more strongly from the mean
(compare the orange lines, i = 16, in the left and centre
panels of Figure 4). The right panel shows the probability
distribution for the saturation times 1

2
π/Λi for various real-

izations of the disc. The probability distribution is sharply
peaked for Λi (for each fixed i) with a FWHM of about
20%. Therefore, Λi can be predicted from the surface-density
distribution without knowing the locations and masses of
disc stars. The normal modes i = 0, 1, 2 are still growing
(ts,i > 6Myr), i = 3 is just around saturation, and all other
modes are saturated.

These considerations and the theory presented in §4.1.2
allow us to make general remarks on the expected warping
of the disc. Recall that modes in the oscillating phase –
with either the coherence time or the disc age less than the
saturation time ts,i =

1
2
π/Λi – are suppressed in amplitude

relative to lower frequency modes by Λ−1
i . Therefore if the

external torques on the disc stars do not depend too strongly
on radius, the shape of the disc is expected to be dominated
by long-wavelength modes.

There are presently few observational constraints on the
maximum radial extent of the disc, and its evolution would
be different if it extended to larger radii. As an example, the

top (red) curves in Figure 3 show the histogram of saturation
times for a hypothetical disc extrapolated to 20.4 pc with the
same power-law surface density distribution. In this case,
there are many more modes still in the growing phase at
the current age of 6Myr. However, the characteristic wave-
lengths of these additional modes are larger than 0.6 pc, and
the saturation timescales of the smaller wavelength modes
are not very different from the case in which the disc is trun-
cated at 0.6 pc. Therefore we expect that our predictions of
the shape of the warped disc at radii ∼<0.5 pc are robust, and
independent of whether or not there is an outer disc.

5.2 Spherical cluster

We model the torques on the disc from the star cluster as
follows: (i) As described above, since the torque distribu-
tion is a Gaussian random process, we may assume that all
cluster stars have the effective mass m2, as defined follow-
ing equation (13); we typically assume m2 = 10M⊙. (ii) As
described above, for the sake of simplicity we assume that
the cluster stars are on circular orbits, and generate a distri-
bution of orbital radii consistent with the mass distribution
M(r) in equation (8) out to a radius of 2 pc, sufficiently far
outside the disc(s) that the perturbations from larger radii
should be small. (iii) We assign nodes Ωβ uniformly ran-
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dom between 0 and 2π and inclinations Iβ so that cos Iβ is
uniformly random between −1 and +1, consistent with an
isotropic distribution of orbits. (iv) We expand the torque
(71) to order 2ℓ = 10. (iv) We assume a disc age of 6Myr.

Alternatively, random realizations of cluster torques
may be generated by sampling an N-dimensional Gaussian
distribution (where N is the number of disc stars) with a co-
variance matrix 〈TxiTxj〉 given by equations (77)–(78). We
can decompose the torques into independent driving modes,
corresponding to the eigenvectors of 〈TxiTxj〉. These driving
modes, shown in Figure 5, are a property of the spherical
cluster of old stars and hence are distinct from the nor-
mal modes of the disc shown in Figure 4. We find that the
corresponding eigenvalues, which correspond to the mean
squared amplitude of the particular driving mode, span a
vast range, some 6 orders of magnitude. Remarkably, the
five longest wavelength driving modes typically contribute
90% of the total torque. Therefore, the cluster excites the
disc predominantly through a few long-wavelength driving
modes.

As described at the end of §4.1.3, the coherence time
of the torques from the cluster can be shorter than the disc
age depending on the radius. The two are equal at a radius
around rτ ∼ 0.3 pc(m2/10M⊙)0.56. Nevertheless, to avoid
excessive complication – both conceptual and numerical – in
our simulations we shall assume that the coherence time is
long compared to the disc age, so that the perturbing forces
fqi(t), fpi(t) can be regarded as time-independent and the
formulae in §4.1.2 can be used to calculate the disc evolution.
This simplification has a smaller impact on the evolution of
long wavelength modes λ∼>rτ , while it may be important
for short wavelength modes close to the center. To account
properly for the temporal evolution of the torques from the
cluster would require solving simultaneously for the secular
evolution of both the cluster and the disc stars (see §6).

5.3 Warped disc

The results of a typical simulation are shown in Figure
6, which plots two orthogonal cross sections through the
disc. The disc remains thin, but exhibits a substantial warp
with a structure dominated by the zero-frequency tilt mode
and the three longest wavelength normal modes of the disc
j = 1, 2, 3. We conclude that vector resonant relaxation can
excite a coherent warp in an initially thin, flat disc.

In two-body relaxation the perturbing forces from a sur-
rounding cluster of stars usually thicken a disc, rather than
warping it. For example, the observed thickness of the Galac-
tic disc in the solar neighborhood has been used to constrain
the effective mass of the objects comprising the Galaxy’s
dark-matter halo (e.g., Lacey & Ostriker 1985). Warping,
rather than thickening, occurs in this case for two main rea-
sons: (i) vector resonant relaxation arises through the torque
from a stellar orbit after averaging over mean anomaly and
argument of pericentre, and this averaged torque has much
less small-scale power than the forces exerted in the passage
of a nearby star (cf. Fig. 5); (ii) as suggested by equations
(56), the excitation of normal modes in the disc is reduced
if the coherence time of the torque exceeds the inverse fre-
quency of the normal mode (essentially because the action
associated with the mode is then an adiabatic invariant), and
the coherence time for vector resonant relaxation is longer

Figure 6. Two orthogonal cross-sections of a disc subjected to
vector resonant relaxation. The parameters of the disc and the
stellar cluster in which it is embedded are described in §5. The
disc was initially horizontal. The calculation is based on the as-
sumption that the inclinations are small and the results presented
here are large enough that this approximation is not quantita-
tively accurate. Only stars with mass > 20M⊙ are shown but the
stars of lower mass have the same thin, warped distribution. The
simulation assumes that the disc age t = 6Myr and the effective
mass in the stellar cluster is m2 = 10M⊙; the inclinations scale

as m
1/2
2 .

Figure 7. Identical to Figure 6, except that the gravitational
interactions among the disc stars have been turned off. The disc-
star inclinations are much more irregular at small radii.
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Figure 8. The typical amplitudes of normal modes (arbitrary
scale), as a function of their average wavelength. The circles mark
the mean of the squared amplitudes of normal modes for a random
realization of the disc for each i, and the 95% confidence interval
is shaded. Plusses and crosses show the cross-correlation between
various normal modes for comparison. In this case, the distri-
bution is symmetric around 0, and the symbols are placed at the
boundary of the 95% confidence interval. The modes i = 1, 2, 3, 4,
and 16 shown in Fig. 4 are labelled. The torques are assumed to be
constant during the 6Myr lifetime of the disc with an amplitude
corresponding to the RMS torque (eq. 78). The high-frequency,
short-wavelength normal modes are suppressed.

than the inverse frequencies associated with small-scale nor-
mal modes in the disc. To illustrate the importance of the
second of these effects, Figure 7 shows the results of a sim-
ulation identical to that leading to Figure 6, except that
the masses of the disc stars have been reduced to zero. The
warp is much more irregular in the inner parts (where the
relaxation time is shorter) but large-scale structure is still
present in the outer parts.

Figure 8 shows the normal mode power and cross-
correlation as a function of the average wavelength, λi =
2(rmax − rmin)/i. The y–axis shows 〈Qi+kQi−k〉 for k = 0,
1, and 2, where Qi is the amplitude of the ith normal mode
(see Fig. 4). The circles show the mean of Q2

i and the shaded
region shows the 95% confidence interval for a random re-
alization of the disc. In contrast, the cross correlation of
normal modes has zero mean, for these elements the sym-
bols correspond to the upper boundary of the 95% interval.
The calculations are based on equations (66) and (78). The
long-wavelength modes dominate the disc, and modes with
wavelength ∼<1 arcsec are suppressed by some five orders of
magnitude. Note that the predicted amplitude of the longest
wavelength modes (i 6 6) exhibits only a small scatter be-
tween various realizations of the disc. Although the different
normal modes are not independent, the cross correlation be-
tween modes with increasingly different average wavelengths
are clearly more and more suppressed. The RMS warping of
the disc then follows from eq. (61). Figure 8 shows that a
coherent torque tilts and warps the disc in a way that its
shape is reminiscent of only a few long wavelength modes.

6 DISCUSSION

The massive young stars observed in the Galactic centre at
radii ∼ 0.05–0.5 pc from the central black hole may have
formed in a thin, flat disc. Using the best available esti-
mates for the mass, age, and other properties of the disc
and the cluster of old stars in which it is embedded, we
have shown that the disc naturally and inevitably develops
a strong warp through vector resonant relaxation with the
cluster. We suggest that this mechanism explains the large
(∼ 60◦) warp that is observed in the disc.

We have modelled the gravitational torques among the
disc stars and between the disc stars and the surround-
ing old cluster. Our models are based on Laplace–Lagrange
theory, in which the secular gravitational interactions of
the disc stars are mathematically equivalent to the interac-
tions in a system of masses connected by springs. Laplace-
Lagrange theory assumes that the relative inclinations are
small, ∆jk ≡ |ajIj − akIk|/|aj − ak| ≪ 1. For the simu-
lation shown in Figure 6, the maximum value of ∆jk was
2.8, indicating that Laplace-Lagrange theory has been ex-
tended beyond its domain of applicability but should still
be qualitatively correct.

In Laplace–Lagrange theory, the disc dynamics can be
decomposed into normal modes. The eigenfrequencies of the
normal modes in our models span a vast range of time-
scales (cf. Fig. 3). The high-frequency normal modes are
an unphysical consequence of the assumption that the disc
orbits are precisely circular and that the inclinations are
small compared to the separation between stars; in fact the
highest frequencies correspond to modes involving only two
adjacent stars. However, our results should not be affected
by this shortcoming since the high-frequency modes are not
excited efficiently by torques from the cluster stars (cf. Fig.
8).

The frequencies depend monotonically on the wave-
length of the mode: oscillation times π/Λ of about 13Myr
correspond to wavelengths of ∼ 0.4 pc (10 arcsec) (cf. blue
curve in Fig. 4); faster or slower modes have smaller and
longer wavelengths, respectively. The frequencies and the
shapes of the slow normal modes are insensitive to the de-
tails of the stellar mass function so long as the large–scale
surface density of the disc is fixed.

The growth of a given mode saturates after about a
half oscillation period. The low-frequency, long-wavelength
modes are excited to much larger amplitudes than high-
frequency, short-wavelength modes, both because the secu-
lar torques couple more strongly to long-wavelength modes,
and because the low-frequency modes saturate after a longer
time (an equivalent statement is that the amplitudes of the
high-frequency modes are adiabatic invariants).

The only important free parameter in our models is
the effective mass m2 = 〈m2〉/〈m〉 of the stars and other
irregularities (e.g., clusters, gas clouds, etc.) in the cluster;
the simulation in Figure 6 assumes m2 = 10M⊙, which is
likely to be an underestimate. The warp amplitude depends
only weakly on this parameter, as m

1/2
2 .

For simplicity our simulations are done using time-
independent torques from a cluster. For a spherical cluster,
this approximation is valid if the disc age is less than the
vector resonant relaxation time, since this is approximately
the same as the coherence time. A rough measure of the
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16 B. Kocsis & S. Tremaine

validity of this approximation is given by Figure 7, which
shows the evolution of the orientations of the stars in a disc
of zero mass: since the disc self-gravity has been turned off
in this figure, the stars behave in the same manner as ran-
dom stars in the spherical cluster, so the approximation that
the perturbing forces from the cluster are constant is valid
if the inclinations of the stars are small. Evidently the ap-
proximation of constant forces is good for the outer parts of
the cluster, where the relaxation time is relatively long, and
suspect in the inner parts.

Both of our major approximations – Laplace-Lagrange
theory and constant perturbing forces – are more accurate
if the effective mass is smaller than the assumed value m2 =
10M⊙ and worse if it is larger.

We also assumed that the cluster is spherical on aver-
age (i.e., apart from Poisson fluctuations due to individual
stars), that the orientations of cluster star orbits are un-
correlated, that there is no back-reaction from the disc on
the cluster, and that the cluster stars are on circular or-
bits. Under these approximations, the fractional deviation
from sphericity at radius r∼>0.2 pc is roughly

√

m2/M(r) =

0.009
√

m2/10M⊙(r/0.1 pc)
−0.63, where M(r) is the cluster

mass interior to r (eq. 8). The deviation from sphericity may
be larger if the cluster is flattened due to rotation; how-
ever, Trippe et al. (2008) estimate the rotation speed of the
cluster to be vrot(r) = (3.6 ± 0.8) km s−1(r/0.1 pc) within
1 pc. The rotational flattening of the cluster is then roughly
v2rot/σ

2 ∼ 2 × 10−4(r/0.1 pc)3, smaller than the stochastic
flattening for r∼<0.3 pc. The flattening of the overall mass
distribution due to the disc is comparable to the stochastic
flattening (see discussion following eq. 26) so the neglect of
this contribution probably does not seriously invalidate our
results. The justification for neglecting the back-reaction of
the disc is described at the end of §4.2. The assumption
that the orientations of cluster star orbits are uncorrelated
is harder to justify, and to do so will require a self-consistent
simulation of both the disc and cluster stars (see the discus-
sion at the end of this section). The assumption that the
stars in the cluster are on circular orbits is unrealistic – the
scalar resonant relaxation time is much less than the age of
the Galaxy so we expect the eccentricity distribution to be
dn ∝ e de. This defect will be removed in future calculations.

Bregman & Alexander (2009) have suggested that
warps in accretion discs surrounding black holes in the cen-
tres of galaxies – in particular, the ∼ 10◦ warp in the maser
disc in NGC 4258 – may arise from resonant relaxation
with the surrounding stellar cluster. In accretion discs the
warp dynamics may also be affected by gas pressure, viscous
dissipation, and radial transport of mass and angular mo-
mentum (Pringle 1992; Lodato & Pringle 2007), as well as
opacity and radiation pressure in radiatively efficient discs
(Petterson 1977; Maloney, Begelman, & Pringle 1996).

The treatment in the present paper does not address
several important issues:

• What are the characteristics of the disc after vector
resonant relaxation excites a large warp – in particular, large
enough that the Laplace-Lagrange treatment is invalid?

• Can vector resonant relaxation create structures that
resemble the second, ‘counter-clockwise’ disc seen at the
Galactic centre? A mechanism to form both the clockwise

and counter-clockwise discs from a single thin, flat precursor
would explain why stars in both discs have the same age.

• The WR/O stars in the disc(s) are much more massive
than the old cluster stars. What is the analog of dynamical
friction for vector resonant relaxation and what role does it
play in determining the disc structure?

These questions can be addressed most effectively by
‘N-ring’ simulations that follow the evolution of a set of
N axisymmetric rings, each representing the smeared-out
mass density in a Keplerian orbit after averaging over mean
anomaly and argument of pericentre. Each ring exerts a
torque on every other ring, and the simulation follows the
precession of the rings in response to these torques. We have
written a code to carry out these simulations and are cur-
rently using it to follow the evolution of stellar systems that
resemble the central parsec of the Galaxy.

We thank Yuri Levin for useful discussions. This re-
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and NSF grant AST-0807432. B.K. acknowledges support
by NASA through Einstein Postdoctoral Fellowship grant
number PF9-00063 awarded by the Chandra X-ray Center,
which is operated by the Smithsonian Astrophysical Obser-
vatory for NASA under contract NAS8-03060, and partial
support by OTKA grant 68228.
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APPENDIX A: THE MICROCANONICAL ENSEMBLE IN LAPLACE-LAGRANGE THEORY

We have argued in §2 that vector resonant relaxation among the stars of the Galactic-centre disc(s) is unimportant. However,
there is a wide range of disc ages and environments for which internal vector resonant relaxation may be the dominant
process of dynamical relaxation. A particularly simple case is an isolated disc with age much larger than the vector resonant
relaxation time. Isolated discs conserve total energy and angular momentum; moreover, if vector resonant relaxation is the
only important dynamical process the semi-major axis and eccentricity of each star is conserved. According to the usual
principles of statistical mechanics, the probability distribution of such discs (the microcanonical ensemble) should be uniform
in the manifold of phase space that is determined by these conserved quantities.

For sufficiently small inclinations, the Hamiltonian of the disc is given by the Laplace-Lagrange form (32). Since this
Hamiltonian is quadratic in the coordinates and momenta, the equations of motion are linear and therefore integrable.
Thus in principle an isolated disc with sufficiently small eccentricities and inclinations exhibits no resonant relaxation. Our
assumption is that higher-order terms that we have neglected in the Hamiltonian lead to relaxation to an equilibrium state
that can be approximately described using the statistical mechanics of the quadratic Hamiltonian – just as occasional collisions
in an ideal gas lead to a thermal equilibrium that can be described using the quadratic Hamiltonian H = 1

2
p2/m.

The Hamiltonian H and the angular-momentum deficit Z (eq. 50) are both conserved. An important combination of
these is

Γ(q,p) ≡ H(q,p)

Z(q,p)
=

pT
Ap+ qT

Aq

pTp+ qTq
. (A1)

Since Γ has units of inverse time we call it the frequency parameter of the disc10.
We can re-write the last of these expressions as

Γ(P ,Q) =

∑N−1
i=0 Λi(P

2
i +Q2

i )
∑N−1

i=0 (P 2
i +Q2

i )
, (A2)

which shows that Γ can only span a limited range of values, from Λmin to Λmax where these are the minimum and maximum
eigenvalues of A.

We may also assume that the conserved x and y components of the angular momentum Lx, Ly are both zero, since this
can be ensured by choosing the z-axis of the coordinate system to be parallel to the total angular-momentum vector. Then
from equation (49) P0 = Q0 = 0.

To analyse the properties of the microcanonical ensemble, we first find the density of states ωN (E,C), defined so that
ωN(E,C)dEdC is the volume in 2(N − 1)-dimensional phase space in which the energy and angular-momentum deficit are in
the ranges (E,E + dE) and (C,C + dC). Thus11

ωN (E,C) =

∫ N−1
∏

i=i

dPidQi δ
[

E −H(P ,Q)
]

δ
[

C − Z(P ,Q)
]

=

∫ N−1
∏

i=1

dPidQi δ
(

E − P
T
ΛP +Q

T
ΛQ
)

δ
(

C − P
T
P −Q

T
Q
)

. (A3)

We use the identity

δ(x) =
1

2πi

∫ i∞

−i∞

dt etx. (A4)

Then

ωN(E,C) =− 1

4π2

∫ N−1
∏

i=1

dPidQi

∫ i∞

−i∞

dt

∫ i∞

−i∞

dt′ exp
[

tE + t′C − t(PT
ΛP +Q

T
ΛQ)− t′(PT

P +Q
T
Q)
]

=− 1

4π2

∫ N−1
∏

i=1

dPidQi

∫ i∞

−i∞

dt etE
∫ i∞

−i∞

dt′ et
′C exp

[

−
N−1
∑

i=1

(P 2
i +Q2

i )(tΛi + t′)
]

. (A5)

The next step is to exchange the order of integration, but this cannot be done immediately as
∫

dPdQ exp[−(P 2+Q2)(tΛ+t′)]

is not absolutely convergent for imaginary t and t′. However, using the identity 1 = exp(uC) exp[−u
∑N−1

i=1 (P 2
i +Q2

i )] (recall
P0 = Q0 = 0) we can rewrite the double integral as

ωN (E,C) = −euC

4π2

∫ N−1
∏

i=1

dPidQi

∫ i∞

−i∞

dt etE
∫ i∞

−i∞

dt′ et
′C exp

[

−
N−1
∑

i=i

(P 2
i +Q2

i )(tΛi + t′ + u)
]

, (A6)

10 Note that Γ used here is not related to Γnm(t) denoting the correlation function in the main text.
11 The system we are studying resembles the celebrated spherical model for a ferromagnet (Berlin & Kac 1952) and much of our analysis
is borrowed from the literature on that problem.
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and the integral over dPidQi is now absolutely convergent for u > 0. The order of integration can now be exchanged so that
the 2(N − 1)-dimensional integral over phase space can be done:

ωN (E,C) = −πN−3

4

∫ i∞

−i∞

dt etE
∫ u+i∞

u−i∞

ds esC
N−1
∏

i=1

(s+ tΛi)
−1 = −πN−3

4

∫ i∞

−i∞

dt

∫ u+i∞

u−i∞

ds exp
[

tE + sC −
N−1
∑

i=1

log(s+ tΛi)
]

,

(A7)
where s ≡ u+ t′.

For N ≫ 1 we can evaluate this integral by the method of stationary phase. Denoting the quantity in square brackets as
g(s, t), the dominant contribution to the integral comes from near the points (s0, t0) at which ∂g/∂s = ∂g/∂t = 0, that is,

C =

N−1
∑

i=1

1

s0 + t0Λi
, E =

N−1
∑

i=1

Λi

s0 + t0Λi
. (A8)

We now show that s0 and t0 are real. Since E, C, u, and Λi are real, the imaginary part of these equations reads

w0ℑ(s0) + w1ℑ(t0) = 0, w1ℑ(s0) + w2ℑ(t0) = 0, (A9)

where

wn ≡
N−1
∑

i=1

Λn
i

D(Λi, s0, t0)
, D(Λi, s0, t0) = [ℜ(s0) + ℜ(t0)Λi]

2 + [ℑ(s0) + ℑ(t0)Λi]
2. (A10)

Thus either ℑ(s0) = ℑ(t0) = 0 or

w0w2 −w2
1 =

1

2

N−1
∑

i=1

N−1
∑

j=1

(Λi − Λj)
2

D(Λi, s0, t0)D(Λj , s0, t0)
(A11)

must vanish. This condition is only satisfied in the trivial case when all of the eigenvalues Λi are equal. Thus s0 and t0 must
be real.

Let the real numbers sc and tc denote the locations where the integration contours cross the real axis in the complex s
and t planes. In equation (A7) sc = u and tc = 0. In the method of stationary phase the contours are deformed to cross the
real axes at sc = s0 and tc = t0. During this deformation sc and tc cannot cross the poles at s + tΛi = 0. Each such pole
defines a line in the (sc, tc) plane and in its journey from (u, 0) to (s0, t0) the point (sc, tc) cannot cross any of these lines.
This constraint implies that

t > − s

Λmin
if s < 0; t > − s

Λmax
if s > 0 (A12)

where Λmin is the smallest eigenvalue (other than Λ0 = 0) and Λmax is the largest, i.e., 0 = Λ0 < Λmin 6 Λi, i = 1, . . . , N 6

Λmax.
To evaluate the integral (A7) we expand the argument g(s, t) of the exponential in a Taylor series around (s0, t0). We

have

∂2g

∂s2
(s0, t0) = w0,

∂2g

∂s∂t
(s0, t0) = w1,

∂2g

∂t2
(s0, t0) = w2, where wn =

N−1
∑

i=1

Λn
i

(s0 + t0Λi)2
, (A13)

which is consistent with (A10) since s0 and t0 are now know to be real. Then

ωN (E,C) ≃ −πN−3

4

∫ i∞

−i∞

dt

∫ u+i∞

u−i∞

ds exp

[

g(s0, t0) +
1

2
w0(s− s0)

2 + w1(s− s0)(t− t0) +
1

2
w2(t− t0)

2

]

. (A14)

We introduce new integration variables (v, v′) by s = s0 + iv, t = t0 + i(v′ − vw1/w2) and the integral becomes

ωN (E,C) ≃πN−3 exp[g(s0, t0)]

4

∫ ∞+i(s0−u)

−∞+i(s0−u)

dv exp

(

− w0w2 − w2
1

2w2
v2
)
∫ i[t0+(s0−u)w1/w2]+∞

i[t0+(s0−u)w1/w2]−∞

dv′ exp[−1

2
w2(v

′)2]

=
πN−2

2
√

w0w2 − w2
1

exp
[

t0E + s0C −
N−1
∑

i=i

log(s0 + t0Λi)
]

; (A15)

the argument of the square root is positive, as seen from equation (A11).
The entropy of the microcanonical ensemble is

S(N,E,C) = log ωN (E,C) =
[

t0E + s0C −
N−1
∑

i=i

log(s0 + t0Λi)
]

− 1

2
log(w0w2 − w2

1) + const, (A16)

where Boltzmann’s constant has been set to unity. For fixed values of s0, t0, Λi the content of the square bracket grows linearly
with N while the second term grows only logarithmically. Thus as N → ∞ we may drop the second term, and

S(N,E,C) = t0E + s0C −
N−1
∑

i=i

log(s0 + t0Λi) + const. (A17)
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The temperature T is defined by

1

T
=

(

∂S

∂E

)

C

= t0 +

(

E
∂t0
∂E

+ C
∂s0
∂E

)

C

−
N−1
∑

i=1

1

s0 + t0Λi

(

∂s0
∂E

+Λi
∂t0
∂E

)

C

. (A18)

Using equations (A8), this and the analogous expression for ∂S/∂C simplify to

1

T
=

(

∂S

∂E

)

C

= t0,

(

∂S

∂C

)

E

= s0. (A19)

We now investigate whether the solution to equations (A8) exists and is unique. By manipulating the identity N − 1 =
∑N−1

i=1 (s0 + t0Λi)/(s0 + t0Λi) it is easy to see that

s0C + t0E = N − 1. (A20)

With this result, equations (A8) can be combined to give

Γ =
E

C
= h(N,C,Γ; t0) where h(N,C,Γ; t) ≡

∑N−1
i=1 Λi[N − 1 + tC(Λi − Γ)]−1

∑N−1
i=1 [N − 1 + tC(Λi − Γ)]−1

. (A21)

This non-linear equation can be solved for t0 given E, C, and N . Furthermore we have

∂h

∂t
(N,C,Γ; t) = − C(N − 1)

2
[

∑N−1
i=1 [N − 1 + tC(Λi − Γ)]−1

]2

N−1
∑

i,j=1

(Λi − Λj)
2

[N − 1 + tC(Λi − Γ)]2[N − 1 + tC(Λj − Γ)]2
, (A22)

which is negative-definite, so h decreases monotonically with t. Thus there is at most one solution for t0 for given E, C, and
N . Using equation (A20) to eliminate s0 from the constraints (A12), and recalling that Λmin 6 Γ 6 Λmax (see the discussion
following eq. A2) we find that t0 is restricted to the range

tmin ≡ − N − 1

C(Λmax − Γ)
< t0 < tmax ≡ N − 1

C(Γ− Λmin)
. (A23)

Note that tmin < 0 and tmax > 0, and

h(tmin) = Λmax, h(tmax) = Λmin. (A24)

Thus h(t) decreases monotonically from Λmax to Λmin as t grows over its allowed range from tmin to tmax. Since Γ must lie
between Λmax to Λmin for any initial condition, equation (A21) always has a unique solution for t0 given E, C, and N , and
equation (A20) then gives a unique solution for s0.

Note that h(N,C,Γ; 0) =
∑N−1

i=1 Λi/N ≡ ΛA, the arithmetic mean of the eigenvalues. Thus if Γ > ΛA, t0 < 0 (negative
temperature) while if Γ < ΛA then t0 > 0 (positive temperature).

The one-particle distribution function f1(P1, Q1) is defined so that f(P1, Q1)dP1dQ1 is the probability that P1, Q1 lie in
the phase-space volume element dP1dQ1. We have

f1(P1, Q1) =
1

ωN(E,C)

∫ N−1
∏

i=2

dPidQi δ
[

E − Λ1(P
2
1 +Q2

1)−
N−1
∑

i=2

Λi(P
2
i +Q2

i )
]

δ
[

C − P 2
1 −Q2

1 −
N−1
∑

i=2

(P 2
i +Q2

i )
]

=
ωN−1

[

E − Λ1(P
2
1 +Q2

1), C − P 2
1 −Q2

1

]

ωN(E,C)
. (A25)

Since N ≫ 1 the differences between the numerator and denominator in the solutions of equations (A8) for s0 and t0 are
negligible, as are the differences in wk defined by equation (A13). With this approximation and the use of equation (A15) we
have

f1(P1, Q1) =
s0 + t0Λ1

π
exp

[

− (s0 + t0Λ1)(P
2
1 +Q2

1)
]

. (A26)

Similar arguments show that the two-particle distribution function is the product of one-particle functions, f2(P1, Q1, P2, Q2) =
f(P1, Q1)f(P2, Q2), etc.

The average energy in a single normal mode is

Ei ≡ Λi〈P 2
i +Q2

i 〉 =
Λi

s0 + t0Λi
, (A27)

where the last equality follows from (A26). If s0 = 0 each mode contains the same energy; in other words, there is equipartition
of energy or the power spectrum is independent of the frequency Λi. We shall call this ‘white noise’ – a small abuse of language
since in most applications white noise corresponds to constant energy per unit frequency rather than per mode. If s0 < 0
then Ei grows as the frequency Λi decreases (red noise). If s0 > 0 the energy per mode grows as the frequency grows (blue
noise). The condition s0 = 0 corresponds to Γ = N/

∑N−1
i=1 Λ−1

i ≡ ΛH , the harmonic mean of the eigenvalues. Since ΛH < ΛA

(harmonic mean is less than the arithmetic mean), we have three cases,

(i) Positive temperature, red noise:
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Λmin < Γ < ΛH , − (N − 1)Λmin

C(Γ− Λmin)
< s0 < 0,

(N − 1)

C(Γ− Λmin)
> t0 >

N − 1

CΛH
;

(ii) Positive temperature, blue noise:

ΛH < Γ < ΛA, 0 < s0 <
N − 1

C
,

N − 1

CΛH
> t0 > 0;

(iii) Negative temperature, blue noise:

ΛA < Γ < Λmax,
N − 1

C
< s0 <

(N − 1)Λmax

C(Λmax − Γ)
, 0 > t0 > − (N − 1)

C(Λmax − Γ)
. (A28)

Microcanonical ensembles characterized by red noise tend to exhibit warps, because there is more power in low-frequency,
long-wavelength modes.

A1 Simulations of the microcanonical ensemble

We want to generate realizations of a relaxed disc containing N stars on circular orbits, with masses and semi-major axes mi,
ai, i = 0, . . . , N − 1. The disc is specified initially by its energy E and angular-momentum deficit C. The procedure is: (i)
compute the matrices A (eq. 40) and O (eq. 42) and the eigenvalues Λi of A. (ii) Set Γ = E/C; if Γ lies outside the interval
[Λmin,Λmax] spanned by the non-zero eigenvalues Λi, i = 1, N − 1 then these values of E and C cannot be achieved by a disc
with the given masses and semi-major axes. Otherwise, find the unique solution t0 to the non-linear equation (A21) and then
find s0 from the linear equation (A20). (iii) Set P0 = Q0 = 0. Choose (Pi, Qi), i = 1, . . . , N − 1 at random from the Gaussian
distribution (A26). (iv) Set pi =

∑N−1
j=1 OijPj , qi =

∑N−1
j=1 OijQj , then find the inclinations Ii and nodes Ωi of the N stars

using equations (36). The resulting disc will have energy E and angular-momentum deficit C that are within O(N−1/2) of
the assumed initial conditions (although the differences can still be substantial if the energy or angular-momentum deficit is
dominated by a small number of modes).

Note that discs with different values of E and C but the same value of Γ = E/C have t0 ∝ 1/C (by eq. A21) and
s0 ∝ 1/C (by eq. A20) so the distributions of Pi, Qi, pi, qi, and Ii scale as

√
C (by eq. A26). Thus, apart from this trivial

scaling, the relaxed discs with a given distribution of stellar masses and semi-major axes form a one-parameter family defined
by the frequency parameter Γ.

We generate microcanonical ensembles of discs having the same distribution of stellar masses and semi-major axes as
in the simulations described at the start of §5. The eigenvalues Λi in this disc span a range of 107 in magnitude (Fig. 3).
The largest eigenvalues arise because the interactions of stars that happen to have similar semi-major axes, ∆a/a ≪ 1,
are unrealistically strong, essentially because the approximation that the Hamiltonian is quadratic is only valid so long as
the inclinations satisfy I ≪ ∆a/a. Thus the calculations presented here may not accurately represent the thickness of the
equilibrium disc.

A sample simulation with frequency parameter Γ = (105 yr)−1 is shown in Figure A1. The two plots show I cos Ω and
I sinΩ as a function of semi-major axis; the visible high-mass stars (m > 20M⊙) are marked with solid blue circles, and the
low-mass stars are marked by open red circles. The vertical axis is arbitrary since the disc properties can be scaled to other
energies, as described above.

As discussed above, the high-frequency modes are unphysical, because the interactions between adjacent stars are un-
realistically strong. However, most of the structure visible in Figure A1 arises from low-frequency modes, which are largely
independent of the strong interactions between close neighbors. To illustrate this, we have experimented with softening the
interaction potential according to equation (37). We find that softenings as large as ǫ = 0.003 have very little effect on the
appearance of realizations of the disc.

One of the striking features of the disc shown in Figure A1 is the overall warp. To characterize the warp amplitude
quantitatively, we first define the inclination vectors Ii ≡ Ii(cos Ωi, sinΩi) where Ii and Ωi are the inclination and node of
star i. Then we define the mean and dispersion of the NA inclination vectors in some semi-major axis range A by

IA ≡ 1

NA

∑

i∈A

Ii, σ2
A ≡ 1

2(NA − 1)

∑

i∈A

(I− IA)2; (A29)

the factor of two in the second equation arises because σ2
A is the dispersion in one of the two components of the vector I. In

the small-angle approximation within which we are working, the angle between the mean orbit normals in regions A and A′

is

θ ≡ |IA − IA′ |. (A30)

A measure of the ratio of the warp to the disc thickness is then θ/σ where σ2 = 1
2
(σ2

A + σ2
A′). This ratio is independent of

the energy E and angular-momentum deficit C so long as the frequency parameter Γ = E/C is fixed.
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Figure A1. A realization of the microcanonical ensemble. The upper and lower panels show I cos Ω and I sinΩ for a disc with 500 stars
in the mass range 1 to 30M⊙; the mass function is given by equation (14) with α = −0.45 and the semi-major axis distribution is given
by equation (1) with γ = −1.4. The inner and outer semi-major axes are 1 arcsec and 15.5 arcsec. Solid blue circles denote stars with
mass > 20M⊙, corresponding roughly to stars that are visible in current surveys, and open red circles denote stars with smaller masses.
The frequency parameter Γ of eq. (A1) equals (105 yr)−1.

Figure A2. Dimensionless disc warping θ/σ as a function of the frequency parameter Γ. The stellar semi-major axes and masses are
chosen by the same procedure used to produce Fig. A1, with a different pseudorandom number seed for each point. The parameter θ is
the angle between the mean inclination vectors in the inner and outer third of the disc, and σ is a measure of the thickness of the disc
(see text). Magenta and green points correspond to simulations with softening ǫ = 0 and 0.003, respectively. Open circles and crosses
represent discs with red and blue noise (Γ less or greater than the harmonic mean of the eigenvalues, ΛH ). Red discs exhibit large warps
and blue discs do not.
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Warps are associated with large-scale, low-frequency normal modes, and therefore are stronger in microcanonical ensem-
bles dominated by red noise. This is illustrated in Figure A2, which shows the warp ratio θ/σ for the visible stars (m > 20M⊙)
in a set of disc realizations with semi-major axes and stellar masses chosen as described at the start of this subsection. Ma-
genta points are from unsoftened simulations and green points are from simulations with softening ǫ = 0.003. The two regions
compared, A and A′, are the inner and outer third of the disc stars. Discs with red and blue noise (Γ < ΛH and Γ > ΛH ,
respectively) are marked by open circles and crosses. The warp ratio θ/σ declines from ∼ 10 for Γ ≪ ΛH (substantial warp)
to ∼ 0.3 for Γ ≫ ΛH (negligible warp). The softened and unsoftened simulations exhibit the same behavior, except that
realizations with Γ∼>0.003 yr−1 are not present in the softened simulations because the very high-frequency normal modes
involving two adjacent stars are suppressed by the softening. We conclude that the microcanonical ensemble can exhibit
significant large-scale warps, depending on the initial conditions as described by Γ.
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